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1. Introduction
Let k(H) denote the number of conjugacy classes of a finite group H . In this paper we
address the following problem.
Problem 1.1. Assume a finite group H has a normal elementary abelian p-subgroup V
such that CH(V ) = V . (Letting G := H/V we will denote H = GV .) Can one show
that k(GV)  |V |, or more precisely, can one characterize all finite groups H such that
k(GV) > |V |?
The interest in this problem was originally motivated by its connection to the long-
standing k(B)-conjecture of Brauer: “The number k(B) of complex irreducible characters
in any p-block B of any finite group G is at most the order of the defect group D(B)
of the block.” As shown by Nagao in [29], the k(B)-conjecture for p-solvable groups
G is equivalent to that k(GV)  |V | holds true for any group H = GV in Problem 1.1
with (|G|, |V |) = 1. Problem 1.1 in this coprime setting is referred to as the classical
k(GV)-problem. Works of Gow, Knörr, and especially Robinson–Thompson [33] have led
to fundamental breakthroughs in attacking the classical k(GV)-problem which have cul-
minated in a complete solution of the problem, with the final step recently completed by
Gluck, Magaard, Riese, and Schmid [8].
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the inequality k(GV)  |V | clearly implies that the k(B) conjecture holds for the group
H = GV . In fact, as pointed out by Robinson, the inequality k(GV) |V | combined with
[31, Lemma 5] would imply the k(B) conjecture for a wider class of p-constrained groups.
Recently, in the important paper [32], Robinson has put forward (some versions of) a con-
jecture, two versions of which will be reproduced in the following
Conjecture 1.2. Let H be a finite group with a nontrivial abelian normal p-subgroup
V such that CH(V ) is a p-group, and let P be a Sylow p-subgroup of H . For any in-
teger d , let kd(H) be the number of complex irreducible characters χ of H such that
pdχ(1)p = |H |p . Then
(i)
∞∑
d=0
kd(H)/p
2d  1/|V | with equality only if V ∈ Sylp(H).
(ii)
∞∑
d=0
kd(H)/p
2d max
{ |G(v)p′ |
|V | · |G(v)|
∣∣∣ v ∈ CV (P )},
where G(v) := CH(v)/V for v ∈ CV (P ) and Xp′ denotes the set of p′-elements in a
group X.
Robinson’s conjecture strengthens and generalizes an early result of Brauer and Feit [2].
Furthermore, it gives a more precise information about p-constrained groups than the k(B)
conjecture (even though none of these two conjectures implies the other). Our interest in
the general non-coprime k(GV)-problem 1.1 is particularly motivated by the following
connections between this problem and different versions of Robinson’s conjecture.
Proposition 1.3. Let a finite group H have a normal elementary abelian p-subgroup V
such that CH(V ) = V and let G := H/V .
(i) Assume k(GV) |V |. Then the weaker version 1.2(i) of Robinson’s conjecture holds
for H .
(ii) Assume G is a finite group of Lie type in characteristic p defined over Fq with
q = pf  8 (and G induces only inner-diagonal automorphisms of soc(G/Z(G))).
Assume k(GV)  |V |/2. Then the stronger version 1.2(ii) of Robinson’s conjecture
holds for H .
Proof. (i) follows from Ito’s theorem, cf. [32]. If |V | = pa then kd(H) = 0 for d < a.
Hence
∑∞
d=0 kd(H)/p2d  k(H)/p2a  |V |/p2a = 1/|V |. Assume the equality is at-
tained. Then kd(H) = 0 for all d > a; in particular, |H |p = paχ(1)p for χ = 1H and
so V ∈ Sylp(H).
(ii) According to [9], we have |Gp′ |/|G| (1 − 3/(q − 1)) 1/2. Hence as in (i) we
obtain
∑∞
d=0 kd(H)/p2d  k(H)/p2a  1/(2|V |)  |Gp′ |/|H |. It remains to notice that
G(1) = G. 
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on the classical k(GV)-problem shows that the hardest cases of the problem are the almost
quasi-simple case and the imprimitive case. In this paper, we focus on the almost quasi-
simple case of Problem 1.1.
Let E be the list of the following 19 finite simple groups: Altn with 5 n 16, and 7
Lie-type L2(7)  L3(2), L3(4), U3(3), U4(2)  PSp4(3), U4(3), Sp6(2), and Ω+8 (2).
Our first main result is
Theorem 1.4. Let a finite group H have a normal elementary abelian p-subgroup V such
that CH(V ) = V and let G := H/V . Assume G is almost quasi-simple, Op(G) = 1, and
let L := soc(G/Z(G)). Then one of the following holds:
(i) k(GV) < |V |/2.
(ii) L ∈ E . Moreover, if G is irreducible on V then |V | is bounded as in Table 1.
(iii) L ∈ Lie(p).
Our second main result addresses Theorem 1.4(iii) (we say irreducible FX-modules A
and B are quasi-equivalent if B  Aστ for some σ ∈ Aut(X) and τ ∈ Gal(F/Fp)).
Theorem 1.5. Keep the notation and assumption of Theorem 1.4 and let M := E(G).
Assume L ∈ Lie(p) and G is irreducible on V . Then one of the following holds:
(i) k(GV) < |V |/2.
(ii) L is a finite classical group of untwisted Lie rank at most 6 and |V | is bounded as in
Table 1.
Table 1
Upper bounds on |V | for some groups
Groups L Upper bounds on |V |
Altn, n 5 (p(n) · 2n/(n− 2))n−1
q > 9 a square q > 5 a non-square
L2(q) (q2/5)4 (q2/2)4
 = +  = −
L3(q), q > 2 (4q
3)4 (6q3)3
L4(q) (16q
4)6 (17q4)6
Ln(q), n 5 (3qn+1)n (60qn+1)n
q odd q even
PSp4(q), q  4 13q15 33q15
PSp2n(q), n 3 (25qn+1)2n (18qn+1)2n
Ω2n+1(q), n 3 (30qn+1)2n
PΩ8 (q),  = + (465q5)8 (18q5)8
 = − (155q5)8 (6q5)8
PΩ2n(q), n 5 (944q
n+1)2n (72qn+1)2n
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quasi-equivalent to the natural module of M . Moreover, |V | is bounded as in Table 1.
Notice that, in Table 1, p(n) = k(Symn) is the number of partitions of n, L3(2) is
considered as L2(7), and PSp4(3) is considered as PSU4(2). Furthermore, if L = L2(q)
with q > 5 a non-square, then in fact |V | < (q2/2)3 unless dim(EndG(V )) = 2.
Theorem 1.4 and Proposition 1.3(i) show that the weaker version 1.2(i) of Robin-
son’s conjecture holds for H = GV with G almost quasi-simple unless G ∈ Lie(p) ∪ E .
In the case G ∈ Lie(p) acts irreducibly on V (and G induces only inner-diagonal auto-
morphisms of soc(G/Z(G))), Theorem 1.5 and Proposition 1.3(ii) show that the stronger
version 1.2(ii) of Robinson’s conjecture holds for H = GV unless G is a classical group
of untwisted Lie rank  6, or G is defined over a field of  7 elements, or V essentially
comes from the natural module of G.
Results concerning the exceptional cases (a) G ∈ E , or G is a classical group in the same
characteristic p and either (b) G is classical of rank  6 or (c) V comes from the natural
module of G, will be presented in [10]. These cases require a more detailed analysis of
representations of G, sometimes even explicit constructions of the representations, and a
substantial amount of computer calculation, especially in the cases (a) and (b). The case (c)
will also involve computations with generating functions to estimate k(GV) for classical
groups G. Here we mention that the case (iii) of Theorem 1.5, as well as the case (iii)
of Theorem 1.4, cannot be removed as the affine group H := AGLn(q) has k(H) > qn.
Furthermore, if G = Symn acts on the heart V of the natural permutation module over F2,
then k(GV)/|V | > 1 if n = 5 or 6, and k(GV)/|V | > 1/2 if 7 n 9; in particular, some
of the groups in E indeed violate the conclusion (i) of Theorem 1.4.
As a by-product of our main results, we get the following statement addressing the
classical k(GV)-problem.
Theorem 1.6. Let a finite group H = GV have a normal elementary abelian p-subgroup V
such that CH(V ) = V and G := H/V . Assume G is almost quasi-simple and (p, |G|) = 1.
Then k(GV) < |V |/2. Moreover, k(GV)/|V | = 50/121 if V = F211 and G = Z5 × SL2(5).
Theorem 1.6 shows in particular that the bound |V |/2 seems to be the right bound to
work with when G is almost quasi-simple. This is in sharp contrast with the solvable case:
the Frobenius group GV with G cyclic of order |V | − 1 has k(GV) = |V |.
Our results will be used in a future paper to improve the upper bounds of Liebeck–
Pyber [22] and Maróti [26] on the number of conjugacy classes in completely reducible
linear groups over finite fields and in permutation groups.
Notation. For any FG-module V and g ∈ G, let V g be the set of g-fixed points in V . When
a group X acts on a set Ω (and the action is prescribed), we let o(X,Ω) denote the number
of X-orbits on Ω . Furthermore, let cc(X) denote the set of conjugacy classes of a finite
group X. x	, respectively 
x, denotes the floor, respectively the ceiling function. For a fi-
nite simple group S and x ∈ Aut(S), let α(x) be the minimal number of Aut(S)-conjugates
of x which generate the subgroup 〈S,x〉. For a finite almost quasi-simple group G, we
denote Z := Z(G), L := F ∗(G) (the generalized Fitting subgroup), M := G(∞) = E(G),
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P is the smallest index of proper subgroups of L, and, if x ∈ G \Z, we will denote α(xZ)
by α(x). When a group G acts on a finite space V , we let Ng := o(CG(g),V/[g,V ])
and N˜g :=∑x∈gZ(G) Nx . When the almost quasi-simple group G is specified, we denote
α := max{α(x) | 1 = x ∈ G/Z}.
2. Preliminaries and reductions
The following two statements are straightforward.
Lemma 2.1. A finite group G is almost quasi-simple precisely when Z(L) = Z(G) and
L/Z(L) is simple non-abelian for L := F ∗(G). Moreover, in this case
(i) G/L can be embedded in Out(L/Z(L)); also, M := E(G) = [L,L] and Z(M) =
M ∩Z(G).
(ii) If G acts absolutely irreducibly and faithfully on a finite-dimensional FQ-space V
then Z(G) acts faithfully and scalarly on every irreducible constituent of the FQM-
module V .
Lemma 2.2. In the notation of Problem 1.1 assume that the extension GV is split. Then
k(GV) =
∑
gG∈cc(G)
o
(
CG(g),V/[g,V ]
)
.
The following result is due to Gallagher [7].
Lemma 2.3. Let G be a finite group with a normal subgroup A. Then k(G)  k(G/A) ·
k(A). If B is any subgroup of G then k(B)/[G : B] k(G) k(B)[G : B].
First we show that the k(GV)-problem can be reduced to the case where the extension
of V by G is split.
Proposition 2.4. Let H be a finite group with a normal elementary abelian p-group V
and G := H/V . Form the semidirect product GV with G acting on V as inside H . Then
k(H) k(GV).
Proof. Consider any χ ∈ Irr(H). Then χ |V = e∑mi=1 λi for some G-orbit O = {λ =
λ1, . . . , λm} on Irr(V ). If we set L := StabH (λ) then there is θ ∈ Irr(L) such that θ |V = eλ
and then χ = IndHL (θ). Setting U := Ker(λ) and K := StabG(λ), we can actually view θ
as an irreducible character of L/U = (V/U)K . Observe that V/U is a central subgroup
(of order 1 or p) of L/U . Thus we get a correspondence χ  (O, λ, θ), where λ is a
fixed representative for each O and θ lies above λ (in the sense that θ |V contains λ). One
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number of irreducible (V/U)K-characters that lie above λ. Then
k(H) =
∑
G-orbitsO in Irr(V ),
λ a fixed representative ofO
N
(
(V/U)K,λ
)
.
We can repeat the same counting argument for GV , with the only difference being that
(V/U)K is now the direct product as GV is a semidirect product:
k(GV) =
∑
G-orbitsO in Irr(V ),
λ a fixed representative ofO
N
(
(V/U)×K,λ).
Notice that N((V/U) × K,λ) = k(K). Hence it suffices to show that N((V/U)K,λ) 
k(K). This inequality is obvious if V/U = 1. Consider the case V/U = Zp . If ε is a prim-
itive pth root of unity, then λ is one of the characters λj that send a fixed generator of V/U
to εj , 1 j  p − 1. The algebraic conjugation ε → εj yields Nj := N((V/U)K,λj ) =
N((V/U)K,λ) for all j . Thus
k(K)+ (p − 1)N((V/U)K,λ)= k(K)+ p−1∑
j=1
Nj = k
(
(V/U)K
)
 k(V/U)k(K) = k(K)p,
whence N((V/U)K,λ) k(K). 
The proof of Proposition 2.4 immediately yields the corollary.
Corollary 2.5. In the notation of Problem 1.1 assume that the extension GV is split. Then
k(GV) =
∑
G-orbitsO = Gλ in Irr(V )
k
(
StabG(λ)
)
.
Lemma 2.6. Let H be a finite group and 0 → A → B → C → 0 be a short exact sequence
of finite-dimensional FH -modules. Then the following inequalities hold.
(i) dimAH  dimBH  dimAH + dimCH .
(ii) If H is cyclic then dimCH  dimBH .
Proof. The exact sequence 0 → AH → BH → CH yields (i). Next, (i) applied to the dual
exact sequence 0 → C∗ → B∗ → A∗ → 0 gives dim(C∗)H  dim(B∗)H . To get (ii), it
remains to notice that if H is cyclic then dimWH = dim(W ∗)H for any finite-dimensional
FH -module W . 
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act sequence of finite-dimensional FG-modules. Assume g ∈ G and h ∈ NG(〈g〉). Then
dim(B/[g,B])h  dim(A/[g,A])h + dim(C/[g,C])h.
Proof. Let H := 〈g,h〉 and let W be any finite-dimensional FH -module. Then [g,W ] is
H -invariant. We claim that dim(W/[g,W ])H = dim(W ∗)H . Indeed, H acts as a cyclic
group on W/[g,W ] and so (W/[g,W ])H has the same dimension as the fixed point sub-
space of H on (W/[g,W ])∗. The latter can be identified with (W ∗)H (which consists
of those functionals whose kernels contain [H,W ]  [g,W ]). Now the lemma follows
by taking W = A, B , C, and applying Lemma 2.6(i) to the sequence 0 → C∗ → B∗ →
A∗ → 0. 
Now we show that the k(GV)-problem behaves well under semisimplification.
Proposition 2.8. Let G be a finite group and V a faithful finite-dimensional FQG-
module with a filtration 0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V . Consider the semisimplification
W =⊕ni=1 Wi with Wi := Vi/Vi−1. Assume that G is faithful on W , or equivalently,
Op(G) = 1 for p | Q. Then the number of conjugacy classes of the semidirect product
GV is at most that of the semidirect product GW : k(GV) k(GW).
Proof. Notice that the kernel of the action of G on W is Op(G). We will assume that G is
faithful on W . For any g ∈ G,
o
(
CG(g),V/[g,V ]
)= 1|CG(g)| ∑
h∈CG(g)
∣∣(V/[g,V ])h∣∣= 1|CG(g)| ∑
h∈CG(g)
Qdim(V/[g,V ])h .
Together with Lemma 2.2, this yields
k(GV) =
∑
gG∈cc(G)
o
(
CG(g),V/[g,V ]
)= 1|G| ∑
g∈G
∑
h∈CG(g)
Qdim(V/[g,V ])h . (1)
Since G is faithful on W , we also have
k(GW) = 1|G|
∑
g∈G
∑
h∈CG(g)
Qdim(W/[g,W ])h .
Hence it suffices to show dim(V/[g,V ])h  dim(W/[g,W ])h. Lemma 2.7 applied to the
short exact sequence 0 → Vn−1 → V → Wn → 0 shows
dim
(
V/[g,V ])h  dim(Vn−1/[g,Vn−1])h + dim(Wn/[g,Wn])h.
Continuing by induction, we get
dim
(
V/[g,V ])h  n∑dim(Wi/[g,Wi])h.i=1
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W 
n⊕
i=1
Wi and [g,W ] 
n⊕
i=1
[g,Wi]
give rise to
dim
(
W/[g,W ])h = n∑
i=1
dim
(
Wi/[g,Wi]
)h
,
and so we are done. 
The proof of Proposition 2.8 yields the following useful reduction.
Lemma 2.9. (i) Assume a finite-dimensional FpG-module V is decomposable: V = A⊕B .
Assume G is faithful on A. Then k(GV)/|V | k(A : G)/|A|.
(ii) Assume V is a faithful finite-dimensional FQG-module. Then for any power Qb of
Q and W := V ⊗FQ FQb , k(GW)/|W | k(V : G)/|V |.
Proof. For (i), notice that
dim
(
V/[g,V ])h = dim(A/[g,A])h + dim(B/[g,B])h  dim(A/[g,A])h + dim(B)
for any g ∈ G and h ∈ CG(g). Hence (1) implies
k(GV)
|V | 
|B|
|V | · |G|
∑
g∈G
∑
h∈CG(g)
pdim(A/[g,A])h = k(A : G)|A| .
For (ii), observe that the FQG-module W is the direct sum of b copies of V and apply
part (i). 
The following proposition completes the reduction of Problem 1.1 for almost quasi-
simple groups to the case where H = V : G is a semidirect product and G is irreducible
on V .
Proposition 2.10. Keep the notation and assumption of Theorem 1.4. Suppose there
is a positive constant κ such that the inequality k(WK) < κ|W | holds for any non-
solvable quotient K of G that acts faithfully and irreducibly on a finite elementary abelian
p-group W . Then k(GV) < κ|V |.
Proof. We induct on the composition length of the FpG-module V . The induction base
is clear. Assume V has composition length n > 1. By Propositions 2.4 and 2.8 we may
assume that V =⊕ni=1 Vi for some simple FpG-modules Vi , and VG = V : G is a semi-
direct product. Note that M = E(G) is the unique component of G, as G is almost quasi-
simple. But G acts faithfully on V , so we may assume that C := CG(W) is solvable, where
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follows that [C,M] = 1 (as M is perfect), whence C  CG(M) = Z(G). Since Vn is an
irreducible FpG-module, Z(G) acts as a cyclic p′-group on Vn. But C acts faithfully
on Vn, hence C is a cyclic p′-group. By the classical k(GV)-problem for cyclic groups,
k(VnC)  |Vn|, and by the induction hypothesis, k(W(G/C)) < κ|W |. Now VnC  VG
and VG/VnC  W(G/C), so by Lemma 2.3, k(GV)  k(VnC) · k(W(G/C)) < |Vn| ·
κ|W | = κ|V |, and the induction step is finished. 
3. Basic estimates
Let S be a finite simple group. A crucial role in our analysis is played by the following
result of [13] that gives a sharp upper bound on α(x) for 1 = x ∈ Aut(S).
Theorem 3.1. Let S be a finite simple group and 1 = x ∈ Aut(S).
(i) Assume S is a classical group, with smallest (projective) module of dimension n 5.
Then α(x) n, unless S = Spn(q) with q even, x is a transvection, and α(x) = n+1.
(ii) Assume S is an exceptional group of Lie type, of untwisted Lie rank r . Then α(x)
r + 3, except possibly for the case S = F4(q) with x an involution, where α(x) 8.
(iii) Assume S = Altn with n 7. Then α(x) n/2, except for the case x is a transposi-
tion, where α(x) = n− 1.
The parameter α(x) will be used to bound the dimension of the fixed point subspace as
follows.
Lemma 3.2. Let G be an almost quasi-simple group acting faithfully and irreducibly on a
finite-dimensional vector space V over a field F, and let g ∈ G \ Z. Then dim([g,V ]) 
dim(V )/α(g). Assume, in addition, that F is finite. Then
(i) the dimension of any eigenspace of g on V , as well as dim(V zg) for any z ∈ Z, is at
most dim(V )− 
dim(V )/α(g);
(ii) if gZ is p-singular but not a p-element in G/Z, then dim(V g)  dim(V ) −

dim(V )/α − 1, where p = char(F) and α := max{α(h) | h ∈ G \Z}.
Proof. Let m := dim(V ), M := G(∞), and let n = α(g) conjugates g1, . . . , gn of g gen-
erate the group 〈M,g〉 (modulo Z). By way of contradiction, assume that dim([g,V ]) <
m/n. Note that V/V g  [g,V ], hence dim(V gi ) > m − m/n for all i. It follows that
dim(
⋂n
i=1 V gi ) > m− n(m/n) = 0. Thus, H := 〈g1, . . . , gn〉 fixes a nonzero vector of V .
By assumption, HZ MZ, hence H  (HZ)(∞)  (MZ)(∞) = M , and so M also has
a nonzero fixed point on V . This is a contradiction, as M G and G is irreducible and
faithful on V .
From now on we assume F is finite. For (i), assume that the eigenspace of g, with
eigenvalue λ ∈ F×, has dimension larger than m − 
m/n = m − m/n	. We may add
all scalar transformations on V to G to get Z  F×. Replacing g by gλ−1, we see that
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dim(V zg) > m − 
m/n, i.e. dim(V zg) > m − m/n. Consider V as an EG-module with
E := EndFG(V ). If m′ := dimE(V ), then dimE(V zg) > m′ − m′/n. But z acts scalarly
on V , so g has some eigenspace on the E-space V with dimension > m′ − m′/n, again a
contradiction.
For (ii), assume that dim(V g)  m − 
m/α. By assumption, some power x of g has
order p and some power y of g has prime order r = p. Observe that V = V y ⊕[y,V ]; fur-
thermore, V y  V g , y /∈ Z, and so dim(V y)m− 
m/α by (i). It follows that V g = V y
has dimension m − 
m/α. Now x acts trivially on V y and has nonzero fixed points on
[y,V ]. Thus dim(V x) > m− 
m/α, contrary to (i) as x /∈ Z. 
The following simple estimate, which does not involve α(g), is sometimes useful.
Lemma 3.3. Let G be a finite group, g ∈ G, and LG. Assume V is a finite-dimensional
FG-module such that V |L =⊕si=1 Vi where Vi is an irreducible FL-module. Then either
dim([V,g])min{dim(Vi) | 1 i  s}, or g stabilizes every Vi .
Proof. Assume for instance that g does not fix V1. Then V1 ∩ g(V1) is a proper L-sub-
module of V1, whence it is zero. Thus (g − 1)v = 0 for any 0 = v ∈ V1, i.e., the map
g − 1 :V1 → V is injective. It follows that dim([V,g]) dim(V1). 
If the Brauer character ϕ of the FG-module V is known, we can calculate dim(V g)
and more generally the dimension of any eigenspace for any p′-element g ∈ G, with p =
char(F). We can also estimate these dimensions for any element g ∈ G, provided that g is
not a p-element, by doing so for some nontrivial power h of g which is a p′-element (we
can even choose h to be of prime order). To handle the p-elements we need the following
lemma which relies on a result of Baer.
Lemma 3.4. Let V be an m-dimensional faithful, absolutely irreducible FG-module with
p = char(F) and let Z := Z(G). For any x ∈ G \ Z, let µ(x) be the largest dimension of
x-eigenspaces on V . Assume µ(x)  µ for all x ∈ G such that xZ is not a p-element in
G/Z. Then µ(g) (m+µ)/2 for any g ∈ G \Z.
Proof. Since G is faithful and irreducible on V , Op(G) = 1. But Z is a (cyclic) p′-group,
so Op(G/Z) = 1. To prove the lemma, one needs to consider only the elements g such
that gZ is a p-element in G/Z. Under this assumption, the equality Op(G/Z) = 1 (or
more generally, gZ /∈ Op(G/Z)) implies by Baer’s theorem [1] that there is an x ∈ G such
that 〈gZ,gxZ〉 is not a p-group in G/Z, and so 〈gZ,gxZ〉  hZ for some h ∈ G with
hZ not being a p-element. It follows that µ(h)  µ. Let U be a g-eigenspace of largest
dimension in V ; in particular, dim(U) = µ(g). Then gx acts scalarly on xU . Furthermore,
Z acts scalarly on V as G is absolutely irreducible on V . It follows that h acts scalarly on
U ∩ xU . Consequently,
2µ(g)−m dim(U)+ dim(xU)− dim(U + xU) = dim(U ∩ xU) µ(h) µ,
as stated. 
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Proposition 3.5. Let G be a finite almost quasi-simple group acting faithfully and irre-
ducibly on a finite-dimensional FQ-space V and let P be the smallest index of proper
subgroups of the unique non-abelian composition factor L of G. Then
k(GV)
|V | <
1
P
+ k(G)|V |1/α .
In particular,
k(G) >
{
(1 − 1/P )|V |1/α if k(GV) |V |,
(1/2 − 1/P )|V |1/α if k(GV) |V |/2.
Proof. By Proposition 2.4, we may assume GV is split, hence the formula in Lemma 2.2
holds for k(GV). So we need to estimate Ng . Replacing FQ by EndFQG(V ), we may as-
sume that V is absolutely irreducible. Hence any z ∈ Z(G) acts scalarly on V , and Nz = 1
for 1 = z ∈ Z(G). Since M G and G is faithful and irreducible on V , M has no nonzero
fixed points on V . Observe that M is quasi-simple and M/Z(M) = L. Hence any M-orbit
on V \ {0} has length at least P , yielding N1  1 + (|V | − 1)/P (in fact, we have shown
that o(M,V )  1 + (|V | − 1)/P ). Next we consider g ∈ G \ Z(G). Then α(g) α, and
so dim([g,V ]) dim(V )/α by Lemma 3.2. It follows that Ng  |V |/|[g,V ]| |V |1−1/α .
Putting everything together, we obtain
k(GV)
∑
g∈G
Ng =
∑
g∈Z(G)
Ng +
∑
gG∈cc(G),
g /∈Z(G)
Ng

(
1 + |V | − 1
P
)
+ (∣∣Z(G)∣∣− 1)+ (k(G)− ∣∣Z(G)∣∣)|V |1−1/α
< |V |
(
1
P
+ k(G)|V |1/α
)
,
as stated. 
In general, the centre Z(G) may be big and cause some problems in estimating k(G)
(from knowing k(L)). Hence it is useful to have another estimate that involves only
k(G/Z).
Lemma 3.6. Let G be a finite group acting faithfully on an m-dimensional FQ-space V . As-
sume Z Z(G) acts scalarly on V . Also, for g ∈ G \Z(G), denote Kg := o(Z,V/[g,V ])
and K˜g :=∑x∈gZ Kx . Then the following statements hold:
(i) Assume there is an integer e such that dim(V zg) e for all z ∈ Z. Then K˜g  |Z| −
1 +Qe . Moreover, if e > max{1,m/2} then K˜g Qe.
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(a) K˜g  |Z| − 1 +
(
Qm−s + (|Z| − 1)Qs)/|Z| for s = 
m/γ ; and
(b) K˜g  |Z| − 1 + (Qm−m/γ + (|Z| − 1)Qm/γ )/|Z| if m 2.
Proof. 1. Let x ∈ gZ and denote d(x) := dim(V/[x,V ]) = dim(V x). Since Z acts scalarly
on V (and so on V/[x,V ]), Z acts regularly on nonzero elements of V/[x,V ], whence
Kx  1 + Q
d(x) − 1
|Z| . (2)
In the case of (i), d(x) e for all x ∈ gZ, therefore K˜g  |Z|(1 + (Qe − 1)/|Z|) = |Z| −
1 +Qe .
Next, we let t := |Z| and let zi ∈ Z act on V as the scalar λi ∈ FQ for 1  i  t .
Then gZ = {gλi | 1  i  t}. Denoting di := d(gλi) we have d1 + · · · + dt  m, and
di m−m/γ in (ii). Now (2) implies
K˜g =
∑
x∈gZ
Kx 
t∑
i=1
(
1 + Q
di − 1
|Z|
)
= |Z| − 1 +
∑t
i=1 Qdi
|Z| .
It remains to estimate
∑t
i=1 Qdi . We may assume that d1  d2  · · ·  dt . If t = 1 then
obviously K˜g Qd1 Qe . Assume t  2. Then the condition e >m/2 implies dt  e−1.
Hence
Qe −Qdt Qe −Qe−1 Q(Q− 1) |Z| · (|Z| + 1)
(as e 2 and |Z|Q− 1), and so
K˜g  |Z| − 1 +Qe −
(|Z| + 1)<Qe,
proving the second statement in (i).
2. Here we prove
∑t
i=1 Qdi Qm−s + (t − 1)Qs which implies (a). Notice that d1 
m − s. If d1 < m − s, then Qm−s Qd1+1 ∑i Qdi . If d1 = m − s, then di  s for all
i  2, whence
∑t
i=1 Qdi Qm−s + (t − 1)Qs .
3. Here we prove
∑t
i=1 Qdi  Qm−m/γ + (t − 1)Qm/γ which implies (b). This is
obvious if t = 1 or if γ = 2, so we will assume t  2 and γ  3. We aim to show
Qm−s + (t − 1)Qs Qm−m/γ + (t − 1)Qm/γ , which is obvious if s = m/γ and is equiv-
alent to
Qm−s−m/γ  t − 1 (3)
when s > m/γ . We will assume s > m/γ .
Assume m γ . We write m = kγ + j with 0 j  γ − 1. Observe j  1 as s > m/γ ,
and so s = k+1. Next, m− s−m/γ = k(γ −2)+ (j −1−j/γ ) is at least 1+j −j/4 > 1
if γ  4, and at least 2j/3  1 if γ = 3 and j  2. Since t < Q, (3) holds and we are
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i Q
di Qm−m/γ + (t − 1)Qm/γ .
Finally, we consider the case 2  m < γ . Then d1  m − 1. If d1  m − 2, then∑
i Q
di  tQd1 < Qm−1 < Qm−m/γ + (t − 1)Qm/γ . Assume d1 = m − 1. Since 2 
m < γ , we have m − 1 − m/γ > 0, whence Q − Qm/γ < Qm−1−m/γ (Q − Qm/γ ), i.e.
Qm−1 +Q<Qm−m/γ +Qm/γ . If d2 = 0, then∑
i
Qdi = Qm−1 + (t − 1)Qm−1 +Q− 2 <Qm−m/γ + (t − 1)Qm/γ .
If d2 = 1, then∑
i
Qdi = Qm−1 +Q+ (t − 2) <Qm−m/γ +Qm/γ + (t − 2)Qm/γ ,
and we are done again. 
Proposition 3.7. Let G be a finite almost quasi-simple group acting faithfully and ab-
solutely irreducibly on an m-dimensional FQ-space V . Then
k(GV) < |Z| + |V |
P
+ (k(G/Z)− 1) ·(|Z| − 1 + |V |1−1/α + (|Z| − 1)|V |1/α|Z|
)
.
Furthermore,
k(L) · ∣∣Out(L)∣∣ k(G/Z) > (k(GV)|V | − 1P
)
|V |1/α
if m− 2m/α  1 (which holds in particular if m,α  3).
Proof. As in the proof of Proposition 3.5, we may assume that GV is split. We have shown
N˜1 < |Z| + |V |/P in the proof of Proposition 3.5. Taking γ = α in Lemma 3.6, we get
N˜g  K˜g  |Z| − 1 + |V |
1−1/α + (|Z| − 1)|V |1/α
|Z|
for g ∈ G \Z(G). Hence
k(GV) < |Z| + |V |
P
+ (k(G/Z)− 1) ·(|Z| − 1 + |V |1−1/α + (|Z| − 1)|V |1/α|Z|
)
,
as stated.
Observe that the condition m,α  3 implies m − 2m/α  1. So let us assume
m− 2m/α  1. Under this assumption, Qm−m/α −Qm/α Q− 1 |Z|, and Qm−m/α >
Q> |Z|. It follows that
|Z| + k(G/Z)|Z|(|Z| − 1)< |V |1−1/α + k(G/Z)(|Z| − 1)(|V |1−1/α − |V |1/α),
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|Z| + |V |
P
+ (k(G/Z)− 1) ·(|Z| − 1 + |V |1−1/α + (|Z| − 1)|V |1/α|Z|
)
<
|V |
P
+ k(G/Z)|V |1−1/α.
Thus k(GV) < |V |/P + k(G/Z)|V |1−1/α . Since LG/Z  Aut(L), by Lemma 2.3 we
get k(G/Z) k(L) · |Out(L)|. 
Proposition 3.8. Let G be a finite almost quasi-simple group acting faithfully and ab-
solutely irreducibly on an m-dimensional FQ-space V . Assume H is a subgroup of G
containing M := G(∞). For each g ∈ H \ Z, assume there is an integer e(g) such that
dim(V zg) e(g) for all z ∈ Z. Also set D := max{1,m/2}. Then
k(HV) < |Z| + |V |
P
+
∑
Z =gZ∈cc(HZ/Z),
e(g)D
(
Qe(g) + |Z| − 1)+ ∑
Z =gZ∈cc(HZ/Z),
e(g)>D
Qe(g).
Assume, in addition, that Z = 1 or e(g) >D for all g ∈ H . Then
k(HV) < |Z| + |V |
P
+
∑
Z =gZ∈cc(HZ/Z)
Qe(g).
Proof. Since G is absolutely irreducible on V , Z acts scalarly on V . In the notation of
Lemma 3.6, it is clear that
k(HV) o(M,V )+ |Z0| − 1 +
∑
Z0 =gZ0∈cc(H/Z0)
K˜g with Z0 := Z ∩H.
We have shown o(M,V ) 1 + (|V | − 1)/P in the proof of Proposition 3.5. On the other
hand, for each g ∈ H \ Z0, by Lemma 3.6(i) applied to Z0, we have K˜g  |Z0| − 1 +
Qe(g); moreover, K˜g Qe(g) if Z0 = 1 or if Z0 = 1 but e(g) > D. Hence the statements
follow. 
Another crucial ingredient is the following result of [6] that bounds the number of con-
jugacy classes of finite classical groups.
Theorem 3.9. (i) k(SLn(q)) is at most q + 4 if n = 2, q2 + q + 8 if n = 3, and qn/(q −
1)+ qn/2+1 if n 4.
(ii) k(SUn(q)) is at most{
q2 + q + 10 if n = 3, and
n n/2+111.5(q /(q + 1)+ (q + 1)q /(q − 1)) if n 4.
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(iv) k(GO±2n(q)) is at most 29qn if q is odd, and 17.5qn if q is even. Furthermore,
k(SO2n+1(q)) is at most 7.38qn for q odd.
Since the bound in Theorem 3.9 is a bit crude for k(GO±8 (q)), we give the precise value
in the following statement.
Lemma 3.10. If q is even, k(GO8(q)) equals{
(q4 + 4q3 + 10q2 + 16q + 14)/2 if  = +, and
(q4 + 4q3 + 8q2 + 14q + 12)/2 if  = −.
If q is odd, k(GO8(q)) equals{
(q4 + 7q3 + 26q2 + 63q + 85)/2 if  = +, and
(q4 + 7q3 + 24q2 + 61q + 83)/2 if  = −.
Proof. By [38], k(GO+8 (q))− k(GO−8 (q)) is the coefficient of t4 in
∞∏
i=1
1 − t2i−1
1 − qt2i ,
so it equals q2 + q + 1. Furthermore, if q is odd, then k(GO+8 (q)) + k(GO−8 (q)) is the
coefficient of t8 in
∞∏
i=1
(1 + t2i−1)4
1 − qt2i ,
so it equals q4 + 7q3 + 25q2 + 62q + 84. If q is even, then k(GO+8 (q)) + k(GO−8 (q)) is
the coefficient of t8 in ∏∞
i=0(1 − t2i+2)(1 + t2i+1)2∏∞
i=1(1 − t i )(1 − qti)
(cf. [6]), so it equals q4 + 4q3 + 9q2 + 15q + 13. 
4. Small modules of finite groups of Lie type
Some of the modules that require special attention in what follows (in the cross charac-
teristic case) are the Weil modules, cf. [11] for instance for their definition and properties.
These modules are obtained by reducing the complex irreducible Weil representations,
which are the constituents of the reducible Weil representation. The latter is obtained from
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plectic type of order q1+2n, extended to P · Out0(P ), and our group G (say Sp2n(q)) is
embedded in Out0(P ). Here, Out0(P ) denotes the subgroup of outer automorphisms of P
that act trivially on Z(P ). We will denote the character of Ω by ω. In the particular case of
G = Sp2n(q), ω|G decomposes as the sum of two irreducible Weil characters, η of degree
(qn − 1)/2, and ξ of degree (qn + 1)/2, respectively.
Lemma 4.1. Let q be a power of an odd prime p and 1 = g ∈ Sp2n(q).
(i) Assume g is a transvection. Then |ω(g)| = qn−1/2. If q is a square then the dimen-
sion of any g-eigenspace is at most (qn + (p − 1)qn−1/2 − p)/2p in η and at most
(qn + (p − 1)qn−1/2 + p)/2p in ξ . If q is not a square then the dimension of any
g-eigenspace in η or ξ is at most (qn + qn−1√pq)/2p.
(ii) Assume g is not a transvection. Then |ω(g)| qn−1.
(iii) Assume g is a not a 2-element. Then the dimension of any g-eigenspace is at most
(qn + qn−1)/4	 in η and at most 1 + (qn + qn−1)/4	 in ξ . If q > 3, then the
dimension of any g-eigenspace is at most (qn + qn−1 − 2)/4	 in η and at most
(qn + qn−1 + 2)/4	 in ξ .
Proof. (i) Recall the transvection g has order p, and its p′-powers belong to at most 2
conjugacy classes in Sp2n(q). First suppose q is a square. By [37, Lemma 2.6], there is
α = ±1 such that η(gi) = (−1 + αqn−1/2)/2 for 1  i  p − 1. It follows that the mul-
tiplicities of eigenvalues of g are (qn + α(p − 1)qn−1/2 − p)/2p (for the trivial one) and
(qn − αqn−1/2)/2p (for the nontrivial ones). Certainly all these multiplicities are at most
(qn + (p − 1)qn−1/2 − p)/2p. Next suppose q is not a square and let  = (−1)(q−1)/2.
By [37, Lemma 2.6], there is α = ±1 such that η(g) = (−1 + αqn−1√q)/2. It fol-
lows that the multiplicities of eigenvalues of g are (qn − p)/2p (for the trivial one),
(qn + qn−1√pq)/2p and (qn − qn−1√pq)/2p (for the nontrivial ones). Observe that
all these multiplicities are at most (qn + qn−1√pq)/2p. A similar argument applies to the
character ξ .
(ii) Consider the action of g on the p-group P discussed before the lemma, and on the
Fq -space P/Z(P ). Since 1 = g is not a transvection, CP/Z(P )(g) has dimension at most
2n− 2 over Fq . Hence |ω(g)| qn−1 by [14, Lemma 2.4].
(iii) Assume g is not a 2-element. Without loss we may, and will, replace g by its 2′-
part. If g is a transvection, then the upper bounds given in (i) do not exceed the upper
bounds given in (iii), and so we are done. (Observe we need q > 3 to make sure the upper
bounds in (i) do not exceed the sharper upper bounds of (iii).) So we assume that g is not
a transvection and g = 1. According to (ii), |ω(g)| qn−1. Let d be the largest dimension
of g-eigenspaces in η, say this is attained for the eigenvalue λ. Since g is a 2′-element,
ξ(g) = η(g)+1. Hence the λ-eigenspace for g in ω has dimension e = 2d +1 if λ = 1 and
e = 2d if λ = 1, and the dimensions of all other eigenspaces add up to qn − e. It follows
that
qn−1 
∣∣ω(g)∣∣ 2d − (qn − 2d) = 4d − qn, (4)
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(qn + qn−1)/4, and all inequalities in (4) are actually equalities. This can happen only
when g has exactly two eigenvalues λ and −λ, but in this case g is not a 2′-element,
a contradiction. Consequently, d  (qn + qn−1 − 2)/4	. 
Next we prove some auxiliary statements concerning representations of finite groups of
Lie type in the defining characteristic. Abusing the language, we will call Frobenius twists
of restricted modules of groups of Lie type restricted. Also, (k) denotes the pk-Frobenius
twist. Let τ0 be defined as in [18, pp. 193, 194]. The defining field Fq for a finite Lie-type
group of simply connected type is chosen as in [18].
Lemma 4.2. Let M be a finite Lie-type group of simply connected type, defined over Fq
with q = pe. Assume the smallest dimension of irreducible representations of M over
F := Fq is D. Let V = FmQ be an irreducible M-module in the same characteristic p. Then
|V | qD . Assume, in addition, that M is not of types 2B2, 2G2, 2F4, and that D  6. Then
one of the following holds.
(i) V ⊗ F is the tensor product of at most two restricted irreducible FM-modules. Fur-
thermore, the smallest field over which V can be realized (as an absolutely irreducible
module) is Fq .
(ii) There is a restricted irreducible FM-module W such that V ⊗ F  W ⊗W(e/2). Fur-
thermore, the smallest field over which V can be realized (as an absolutely irreducible
module) is Fq1/2 .
(iii) M is twisted, V ⊗ F is restricted irreducible, and the smallest field over which V can
be realized (as an absolutely irreducible module) is Fqr . Here, r = 2 if M = 2An(q),
2Dn(q), or 2E6(q), and r = 3 if M = 3D4(q).
(iv) M = 3D4(q), and there is a restricted irreducible FM-module W  Wτ0 such that
V ⊗F  W ⊗(Wτ0)(e/2). Furthermore, the smallest field over which V can be realized
(as an absolutely irreducible module) is Fq3/2 .
(v) |V | q2D2 .
Proof. The inequality |V |  qD is well known, so we omit the proof. Replacing FQ by
EndM(V ) we may assume that V is absolutely irreducible. Next, we replace Q by the
smallest power pf such that V is absolutely irreducible over Fpf . Now we can apply [18,
Proposition 5.4.6] to V and arrive at one of the following cases.
Case 1. f | e and there is an irreducible FM-module W such that
V ⊗ F  W ⊗W(f ) ⊗ · · · ⊗W(e−f );
in particular, m = dim(V ) = dim(W)e/f .
Clearly, dim(W)D; moreover, dim(W)D2 if W is not restricted, and |V | pfm.
If e/f  3, then |V | pfDe/f  q2D2 as D  6. If e/f = 2 and W is not restricted, then
|V |  qD2e/f /2 > q2D2 . If e = f and W is a tensor product of at least three nontrivial
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holds.
Case 2. M is twisted, f divides re but not e, and there is an irreducible FM-module
W  Wτ0 such that V ⊗ F is the tensor product of re/f Frobenius twists of W , Wτ0 ,
and Wτ 20 ; in particular, m = dim(V ) = dim(W)re/f . First assume f  e. If r = 2, then
s := 2e/f  3, and |V |  pfm  q2Ds/s > q2D2 . Similarly, if r = 3 then |V | > q2D2 .
Now assume f > e and r = 3. If f < 3e then f = 3e/2, and |V | q3(dim(W))2/2 > q2D2
if W is not restricted. If f = 3e and W is not restricted, then |V |  q3D2 . Thus one of
(iii)–(v) holds. A similar argument applies to the case f > e and r = 2. 
In the defining characteristic case for classical groups, the modules coming from the
alternating square, symmetric square, or tensor square of the natural module, will require
special consideration. To handle them, we need good upper bounds on the dimension of
fixed point subspaces. In what follows, Js denotes the Jordan block of size s and eigen-
value 1, Js(α) denotes the Jordan block of size s and eigenvalue α, and Jord(x) denotes
the Jordan canonical form of x (when one extends the field to its algebraic closure).
Lemma 4.3. Let V = Fd with d  2, g ∈ GL(V ), W :=∧2(V ), w(g) := codim(Wg).
Then one of the following holds:
(i) w(g) 2d − 4.
(ii) w(g) = 0 and g|V = ±1.
(iii) w(g) = d − 2 and Jord(±g|V ) = J2 ⊕ (d − 2)J1 (transvection case).
(iv) w(g) = d−1 and Jord(±g|V ) = J1(α)⊕(d−1)J1 for some α = 1 ( pseudoreflection
case).
(v) w(g) = 2d − 6 and Jord(±g|V ) = 2J2 ⊕ (d − 4)J1 (double transvection case).
(vi) w(g) = 2d − 6, d = 6, and Jord(±g|V ) = 3J2.
(vii) w(g) = 2d − 5, d = 7, and Jord(±g|V ) = 3J2 ⊕ J1.
(viii) w(g) = 2d − 6 or 2d − 5, Jord(±g|V ) = aJ1(α) ⊕ bJ1(α−1) with α = ±1, and
(a, b) = (1,2), (1,3), (2,2), (2,3), (2,4), (3,3), (3,4).
In particular, w(g) d − 2 if g|V = ±1.
Proof. 1. Without loss we may assume that F is algebraically closed. First we consider the
case where g has exactly one eigenvalue α on V . If α = ±1 then w(g) = d(d − 1)/2 
2d−3. Assume α = ±1. Replacing g by −g we may assume α = 1. Denote z := dim(V g).
The cases z  d − 1 yield assertions (ii) and (iii). If z = d − 2 and Jord(g|V ) = 2J2 ⊕
(d − 4)J1 we get (v). If z = d − 2 and Jord(g|V ) = J3 ⊕ (d − 3)J1 we get w(g) = 2d − 4.
On the other hand, if z d−5, then w(g) 2d as dim(Wg) dz/2 by [12, Lemma 2.9]. If
z = d − 4, then w(g)max{3d/2,4d − 20} by [12, Lemma 2.9], and so w(g) 2d − 4.
Finally, assume z = d − 3. Again [12, Lemma 2.9] implies w(g)  2d − 4 unless d =
5,6,7. If d = 5,6,7, then one checks directly that either w(g)  2d − 4, or (vi) or (vii)
holds.
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To make the computation uniform, we also include 1, −1 among the eigenvalues of
g (with multiplicity 0 if necessary). Furthermore, we label the αi such that α1 = 1
and α2 = −1. Let Vα be the generalized α-eigenspace of g on V , di := dim(Vαi ) and
ei := dim(Vα−1i ) with i  3, a := dim(V1), b := dim(V−1), c :=
∑m
i=3 di . We may assume
d3  d4  · · · dm. Clearly,
w(g) d(d − 1)
2
− 1
2
m∑
i=3
diei − a(a − 1)2 −
b(b − 1)
2
.
We claim that
S :=
m∑
i=3
diei  c2 − 5c + 12; (5)
moreover, either S  c2 − 5c + 8, or m = 4 and (d3, d4) = (e4, e3) is one of (1,2), (2,1),
(1,3), (3,1), (2,2), (2,3), (3,2), (2,4), (4,2), (3,3), (3,4), (4,3). The claim is obvious
if m = 3 or if m = 4 or if diei = 0 for all i  3. We will induct on m  5. Let D :=
{α3, . . . , αm}. We may assume that there is some i  3 such that diei > 0 and set E :=
{αi,α−1i }, e := d3 +d4, f := c−e. The induction hypothesis applied to E and D \E yields
S  (e2 −5e+12)+ (f 2 −5f +12), and so S  c2 −5c+8 unless ef  7. If f = 1, then
S  e2 − 5e + 12  c2 − 5c + 8 unless e = 2,3. If f = 2, then S  e2 − 5e + 12 + 2 
c2 − 5c+ 8 unless e = 2. If f = 3, then S  e2 − 5e+ 12 + 4 c2 − 5c+ 8 unless e = 2.
One readily checks that S  c2 − 5c + 8 in the remaining cases (e, f ) = (2,1), (2,2),
(2,3), (3,1).
3. Assume c 2. If S  c2 − 5c+ 8, then w(g)− (2d − 4) ab+ (a + b)(c− 2) 0.
In any event, (5) implies that S  c2 − 2c + 2. So if a + b  2, then w(g) − (2d − 4) 
ab + (c − 2)(2a + 2b − 3) 0. Assume a + b = 1 and S > c2 − 5c + 8. Then (5) implies
w(g) 3d − 9 2d − 4 unless d  4. In the case d  4 we must have c = 3, w(g) = S =
4 2d − 4. Assume a = b = 0 and S > c2 − 5c+ 8. Direct computation shows that either
w(g) 2d − 4, or (viii) holds.
4. Assume c = 1. Then w(g)− (2d −4) (a−1)(b−1)+1 > 0 if a, b 1. Replacing
g by −g if necessary, we may assume that b = 0. If g|V1 = 1 then step 1 implies w(g)
2d − 4. So we arrive at (iv) with α = α3 = ±1.
Finally we assume c = 0. Then w(g) − (2d − 4)  (a − 2)(b − 2)  0 unless a or b
equals 1. Replacing g by −g if necessary, we may assume that b = 1. If g|V1 = 1 then
again step 1 implies w(g) 2d − 4. So we arrive at (iv) with α = −1. 
Arguing similarly, we obtain the following statements.
Lemma 4.4. Let V = Fd with d  2 and char(F) = 2, g ∈ GL(V ), W := Sym2(V ),
w(g) := codim(Wg). Then one of the following holds:
(i) w(g) 2d − 2.
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(iii) w(g) = d and Jord(±g|V ) = J2 ⊕ (d − 2)J1 (transvection case).
(iv) w(g) = d − 1 or d , and Jord(±g|V ) = J1(α) ⊕ (d − 1)J1 for some α = 1
( pseudoreflection case).
(v) w(g) = 2d − 3 or 2d − 4, Jord(±g|V ) = aJ1(1) ⊕ bJ1(−1) with a  b = 2 or a =
b = 3.
In particular, w(g) d − 1 if g|V = ±1.
Lemma 4.5. Let V = Fd with d  2, g ∈ GL(V ), 1 = σ ∈ Aut(F), W := V ⊗V σ , w(g) :=
codim(Wg). Then one of the following holds:
(i) w(g) 3d − 4.
(ii) w(g) = 0, g|V = α with α ∈ F and αασ = 1.
(iii) w(g) = 2d−2, Jord(g|V ) = J2(α)⊕(d−2)J1(α) with α ∈ F and αασ = 1 (transvec-
tion case).
(iv) w(g) = 2d − 2 or 2d − 1, and Jord(g|V ) = (d − 1)J1(α)⊕ J1(β) for some α,β ∈ F×
with α = β and αασ = 1 ( pseudoreflection case).
In particular, w(g) 2d − 2 if g /∈ Z(GL(V )).
Lemma 4.6. Let V = Fd with d  2, g ∈ GL(V ), W := V ⊗ V ∗, w(g) := codim(Wg).
Then one of the following holds:
(i) w(g) 3d − 4.
(ii) w(g) = 0, g|V = α with α ∈ F×.
(iii) w(g) = 2d − 2, Jord(g|V ) = J2(α)⊕ (d − 2)J1(α) with α ∈ F× (transvection case).
(iv) w(g) = 2d−2 and Jord(g|V ) = (d−1)J1(α)⊕J1(β) for some α,β ∈ F× with α = β
( pseudoreflection case).
In particular, w(g) 2d − 2 if g /∈ Z(GL(V )).
In order to deal with higher exterior powers, we need the following lemma.
Lemma 4.7. Let (A,+) be an abelian group, a1, . . . , ad ∈ A, 1m < d . For any subset
X of I := {1,2, . . . , d}, define aX :=∑i∈X ai . Assume that for N distinct subsets Xj ,
1 j N , of cardinality m of I we have aX1 = · · · = aXN . Then a1 = · · · = ad if at least
one of the following holds:
(i) N > (d
m
)− (d−2
m−1
)
.
(ii) m = 2 or 3, d > 2m, and N > (d
m
)− (d−1
m−1
)
.
(iii) d = 8, m = 4, and N > 40.
Proof. Denote X := {X1, . . . ,XN }. Assume the contrary: a1 = a2.
R.M. Guralnick, P.H. Tiep / Journal of Algebra 293 (2005) 185–242 205(i) Consider any subset Y of cardinality m − 1 of {3,4, . . . , d}. Since a1 = a2, at least
one of {1} ∪ Y , {2} ∪ Y does not belong to X . It follows that |X | (d
m
)− (d−2
m−1
)
, a contra-
diction.
(ii) First we consider the case m = 2. Because of (i), it suffices to consider the case
N = (d2)− d + 2, and for any i > 2, X does not contain exactly one of {1, i}, {2, i}, and
X contains {1,2} and all {i, j} with i, j > 2 and i = j . Since d > 4, we can find k > 2
different from i, j and get ai + ak = aj + ak . Thus a3 = · · · = ad . If X contains {1, i}
and {2, j} with i, j > 2, then a1 + ai = a2 + aj and so a1 = a2. Hence we may assume
that {1, i} ∈ X for all i > 2. Since {1,2}, {1,3}, {3,4} all belong to X , we again see that
a1 = a2.
Now we assume m = 3 (so d > 6). As in (i), for any subset Y of cardinality 2 of J :=
{3,4, . . . , d}, X does not contain at least one of {1} ∪ Y , {2} ∪ Y . The bound on N implies
that X can miss less than d − 2 subsets of form T or {1,2} ∪ T with T ⊂ J . In particular,
we may assume X1 ⊂ J and X2 = {1,2,3}.
Assume, in addition, that d  8. Then d − 2  (d−4
m−1
)
, so statement (i) applied to the
d − 2 elements a3, . . . , ad implies that a3 = · · · = ad =: a. Since 2
(
d−2
m−1
)
>
(
d−1
m−1
)
, X must
have an element of the form {1} ∪Z or {2} ∪Z with Z ⊂ J , say {1} ∪Z ∈X for instance.
It follows that a1 + 2a = a1 + aZ = aX1 = 3a, whence a1 = a. Now 3a = aX2 = 2a + a2,
and so a1 = a2, a contradiction.
Next we consider the case d = 7. The above argument (with d  8) shows that X has to
miss exactly d − 3 subsets of cardinality m of J . In particular, {1,2, i} ∈ X for all i > 2,
yielding a3 = · · · = ad =: a. In this case, for any subset X′ of cardinality m of J we have
aX′ = 3a = aX1 and so X′ ∈X , again a contradiction.
The example where A = Z2, a1 = · · · = ad−1 = 0, ad = 1 shows that the bound for N
in (ii) is best possible.
(iii) As in (i), for any subset Y of cardinality 3 of J := {3,4, . . . ,8}, X does not contain
at least one of {1} ∪ Y , {2} ∪ Y . On the other hand, X contains a set say X1 ⊂ J and a
set say X2 = {1,2} ∪ Y2 with Y2 ⊂ J . The bound on N implies that either X misses  4
subsets of the form {1,2} ∪ Y with Y ⊂ J , or X misses  4 subsets of the form J \ Y
with Y ⊂ J . Consider the collection Y := {Y ⊂ J | {1,2} ∪ Y ∈X } in the former case, and
Y := {Y ⊂ J | J \ Y ∈ X } in the latter case. Since aY is the same for all Y ∈ Y , statement
(ii) applied to Y yields a3 = · · · = a8 =: a. Now 4a = aX1 = aX2 = a1 + a2 + 2a, whence
a1 + a2 = 2a. The bound on N also implies that X has an element of the form {1} ∪Z or
{2} ∪Z with Z ⊂ J , say {1} ∪Z ∈X for instance. Then 4a = aX1 = a1 + aZ = a1 + 3a. It
follows that a1 = a2, a contradiction. 
Corollary 4.8. Let V = Fd with F = F, G := GL(V ), Z := Z(G), W :=∧m(V ), λ ∈ F×,
g ∈ G \Z.
(i) Assume m = 3 and d  7. Then dim([W,λg]) (d−1)(d−2)/2 if gZ is not unipotent
in G/Z and dim([W,λg]) (d − 2)(d − 3)/2, otherwise.
(ii) Assume m = 4 and d = 8. Then dim([W,λg]) 30 if gZ is not unipotent in G/Z and
dim([W,λg]) 20, otherwise.
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λ(g|W)). Write g in the upper triangular form, with a1, . . . , ad in the main diagonal. Then
for more than
(
d
3
)− (d−12 ) subsets X of cardinality 3 of {1,2, . . . , d} we have ∏i∈X ai =
λ−1. By Lemma 4.7(ii), a1 = · · · = ad , and so a−11 g is unipotent. For the second half of (i),
first let g be a transvection. Write V = V1 ⊕ V2 with g acting trivially on V1 and as a
transvection on a 2-dimensional subspace V2. Then
W =
∧3
(V1)⊕
∧2
(V1)⊗ V2 ⊕ V1 ⊗
∧2
(V2)
and so dim([W,g]) = dim(∧2(V1)) = (d − 2)(d − 3)/2. In general, if gZ is unipotent,
then without loss we may assume g is unipotent, and the statement follows as the Zariski
closure of gG contains a transvection.
(ii) Apply Lemma 4.7(iii) and argue similarly as in (i). 
Lemma 4.9. Let G = Spin2n(F) and W = F2n−1 be a half-spin module for G. Let g ∈ G be
a noncentral semisimple element, λ ∈ F×, and let N be the number of weights of W that
differ from λ−1 at g.
(i) Let
K(n) := max
{ ∞∑
i=0
(
n
2ip
) ∣∣∣ p prime}, λ ∈ F×.
Then
N max
{
min
{
2n−3, n(n− 1)/2},min{2n−3,2n−1 −K(n)}}.
(ii) N  6 if n = 5, and N  28 if n = 7.
Proof. For an orthonormal basis (e1, . . . , en) of Rn, one can realize the set of weights
of W as {∑ni=1 iei/2 | i = ±1,∏ni=1 i = 1}. Let a0 :=∑ni=1 ei/2. Without loss we
may assume a0(g) = λ−1 (in the multiplicative notation). Now we change to the additive
notation and denote Z := Z(G), I := {1,2, . . . , n}, ∆ := {X ⊆ I | eX(g) = 0} with eX :=∑
i∈X ei .
(i) Assume e1(g) = e2(g). Then for any subset Y of odd cardinality of {3,4, . . . , n},
∆ has to miss at least one of {1} ∪ Y , {2} ∪ Y , whence N  2n−3. Thus we may assume
e1(g) = · · · = en(g) = α. If 2α = 0 then all roots are zero at g and g ∈ Z, a contradiction.
So 2α = 0. In particular, {i, j} /∈ ∆ for all i = j , yielding N  n(n − 1)/2. Now let k be
the smallest integer such that kα = 0 (if such k does not exist then N = 2n−1 − 1). Clearly,
X ∈ ∆ if and only if |X| is divisible by both 2 and k. Since k  3, there is some prime p
such that |X| is divisible by 2p for all X ∈ ∆. It follows that N  2n−1 −K(n).
(ii) Define N3 := 1, Nn := 2n−3 +2Nn−2 for odd n. Assume n = 3, 5, or 7; in particular
Nn < 2n−2. Consider a set of elements {a1, . . . , an} of some abelian group. Suppose that
aX :=∑ ai is the same for all X in some collection X of even-cardinality subsetsi∈I
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claim is obvious for n = 3, so we assume n > 3. First we claim that ai = aj for all i, j .
Indeed, assume a1 = a2. Let J := I \ {1,2}, X1 := {X ⊆ J | X ∈ X , |X| ≡ 0 (mod 2)},
X2 := {X ⊆ J | {1,2} ∪ X ∈ X , |X| ≡ 0 (mod 2)}. Since a1 = a2, for any subset Y of
odd cardinality of J , X has to miss at least one of {1} ∪ Y , {2} ∪ Y . But K < 2n−3 +
2Nn−2, hence |Xk| > 2n−3 − Nn−2 for some k = 1 or 2. Induction hypothesis applied to
{a3, . . . , an} and the collection Xk shows that there is α with 2α = 0 and ai = α for all
i > 2. Since K < 2n−2, X must contain an element X1 of the form {s} ∪ T with s ∈ {1,2}
and T ⊆ J , say s = 1, and an element X2 of the form B ∪Z with Z ⊆ J and B = ∅ or B =
{1,2}. Now we have a1 + α = aX1 = aX2 . If B = ∅, then aX2 = 0, a1 = α, a2 = α, and so
X misses all 2n−2 subsets containing 2, contradicting to K < 2n−2. So B = {1,2}, aX2 =
a1 + a2, a2 = α, a1 = α, and so X misses all 2n−2 subsets containing 1, contradicting to
K < 2n−2. Thus we have shown that a1 = · · · = an = α. Now if n = 5 or 7 then one can
check that the condition 2α = 0 would violate the inequality 2n−1 − |X | < 2n−3 + 2Nn−2.
So 2α = 0 as stated.
Applying the above statement to ai = ei(g) and X = ∆, we get N  6 when n = 5 and
N  28 if n = 7. 
Corollary 4.10. Let G = Spin2n(F), n  7, and W = F2n−1 be a half-spin module for G.
Then dim([W,λg]) 2n whenever g ∈ G is a noncentral element and λ ∈ F×.
Proof. By Lemma 3.4 it suffices to show dim([W,λg]) 4n whenever g ∈ G is a noncen-
tral semisimple element. In the notation of Lemma 4.9 we have dim([W,λg]) = N , and
N  4n, so we are done. 
In the defining characteristic case for exceptional groups, the minimal modules will
require special attention.
Lemma 4.11. Let G = E6(Fq)sc and V = F27q be a minimal module for G. For 1 = g ∈ G,
dim([V,g]) is at least 12 if g is not unipotent, and at least 6 if g is unipotent.
Proof. 1. By Lemma 3.4, it is enough to prove the statement for any nontrivial semisimple
element g ∈ G. In the Euclidean space R6 one can find seven vectors e1, . . . , e6, e such that
(ei, ej ) = −1/6 + δij , (e, ei) = 0, and (e, e) = 1/2. Then one can identify the weights of
V (with respect to a maximal torus containing g) with {ei ± e,−ei − ej | 1 i < j  6},
cf. [30]. Also let Π be the set of weights of V that are zero at g. It suffices to prove that
|Π | 15. Assume the contrary: |Π | > 15. We claim that
e1(g) = · · · = e6(g) = e(g), 2e(g) = 0. (6)
Once (6) is proved we are done. (Indeed, the fundamental weights of G are e1 + · · · + et +
min{t,6− t} · e with 1 t  5 and 2e [30]. Hence (6) implies that all fundamental weights
are trivial at g and so g = 1, a contradiction.) So assume that |Π |  16 but (6) fails. Let
I := {i | 1 i  6, ei + e ∈ Π,ei − e ∈ Π}.
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i ∈ I . Let j /∈ I . If −ei − ej ∈ Π for some i ∈ I , then ej (g) = −ei(g) = −e(g), whence
ej ±e ∈ Π and j ∈ I , we have a contradiction. Thus for any i ∈ I , −ei −ej /∈ Π . Similarly,
ej ± e /∈ Π . It follows that 16 |Π | 27 − (6 −|I |)(|I |+ 2) and so |I | 5. Without loss
we may assume i ∈ I for 1 i  5. Since∑6i=1 ei = 0, we get e6(g) = e(g) and (6) holds.
We may now assume that I = ∅, i.e. for each j , at most one of ej + e, ej − e belongs
to Π . Here we consider the case where |Π ∩ {ei ± e | 1  i  6}| = 6. In this case, for
each i there is a unique xi = ±1 such that ei − xie ∈ Π ; in particular, ei(g) = xie(g).
Since (6) fails, 2e(g) = 0. Set J := {i | xi = 1} and K := {i | xi = −1}. If −ei − ej ∈ Π
for some different i, j ∈ J then 0 = (−ei − ej )(g) = −2e(g), a contradiction. Similarly,
−ei −ej /∈ Π for any two different i, j ∈ K . Thus 10 |Π ∩{−ei −ej | 1 i < j  6}|
|J | · |K| 9, again a contradiction.
3. We have shown that |Π ∩ {ei ± e | 1  i  6}|  5, i.e., |Π ∩ {−ei − ej | 1  i <
j  6}| 11. Consider the graph ∆ with vertices ei , 1 i  6, and edges (ei, ej ) whenever
−ei − ej ∈ Π . Since ∆ has  11 edges, ∆ is connected. Without loss we may assume
−e1 − e2 ∈ Π . Assume that for each j  3, at most one of −e1 − ej , −e2 − ej belongs
to Π . Since ∆ has 11 edges, Π must contain all the weights −ei −ej with 3 i < j  6.
In particular, for 3 i < j < k  6 we have 0 = ei(g)+ ej (g) = ej (g)+ ek(g) = ei(g)+
ek(g). It follows that there is an α with 2x = 0 such that ei(g) = α for all i  3. We may
also assume that −e1 − e3 ∈ Π , so e1(g) = α. Finally, −e1 − e2 ∈ Π , so e2(g) = α. Notice
that Π contains at least one weight of form ei ± e, so e(g) = α, whence (6) holds again.
Now we may assume that if −ei − ej ∈ Π then there is k = i, j such that −ei − ek,
−ej − ek ∈ Π . Arguing as above we get ei(g) = ej (g) and 2ei(g) = 0. Since ∆ is con-
nected, we again arrive at the conclusion there is a β with 2β = 0 such that ei(g) = β for
all i. Since Π contains at least one weight of form ei ± e, we see again that (6) holds. 
Arguing similarly and using results of [21], we obtain the following statement.
Lemma 4.12. (i) Let G = E6(Fp)sc and V = F78−δp,3q be the adjoint module for G. Then
dim([V,g]) 14 for any g ∈ G \Z(G).
(ii) Let G = E7(Fp)sc and V = F56p be the minimal module for G. For 1 = g ∈ G,
dim([V,g]) is at least 14 if g is not unipotent, and at least 12 if g is unipotent.
(iii) Let G = G2(Fp), 1 = g ∈ G be semisimple, and λ ∈ F×. If V = F7−δp,2 is the
minimal module for G, then dim([V,λg]) 3. If p = 3 and W = F14 is the adjoint module
for G, then dim([W,λg]) 6.
Corollary 4.13. Let G = F4(Fp) and V = F26−δp,3p be the minimal module for G. For
1 = g ∈ G, dim([V,g]) is at least 12 if g is not unipotent, and at least 6 if g is unipotent.
Proof. It suffices to prove the statement for nontrivial semisimple elements g ∈ G. Embed
G in an algebraic group of type E6 such that G is the stabilizer of a nonzero vector in a
minimal module W = F27p of the latter. As a 〈g〉-module, W is the direct sum of V and 1
or 2 trivial summands. Now apply Lemma 4.11. 
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Let E1 be the list of the following 10 simple groups: Alt5  L2(4)  L2(5), L2(7) 
L3(2), Alt6  L2(9)  Sp4(2)′, L3(4), U3(3), Alt8  L4(2), U4(2)  PSp4(3), U4(3),
Sp6(2), and Ω+8 (2). Also, let L := F ∗(G) and M := G(∞). The aim of this section is
to prove the following theorem.
Theorem 5.1. Let G be a finite almost quasi-simple group, V a finite-dimensional faithful
irreducible FQG-module with Q = b . Assume the unique non-abelian composition factor
L of G is a finite group of Lie type in characteristic p = . Then either
(i) k(GV) < |V |/2, or
(ii) L ∈ E1.
The rest of this section is devoted to the proof of Theorem 5.1. We will assume that L is a
finite group of Lie type defined over Fq with q = pa . Assume the contrary: k(GV) |V |/2
and L /∈ E1. Replacing FQ by EndFQG(V ), we may assume that the FQG-module V is
absolutely irreducible. Let m := dimFQ(V ). Since V yields a faithful projective represen-
tation of L in cross characteristic  = p, m is bounded below by the Landazuri–Seitz–
Zalesskii bound d(L) [20,34]. In a number of cases, this bound has been improved by
various authors, and we will use the improved bound as recorded in [36]. In particular,
m 3. On the other hand, α  3 by [13], where α is as defined in Proposition 3.7. Hence,
by Proposition 3.7 we have
k(L) · ∣∣Out(L)∣∣ k(G/Z) > (1
2
− 1
P
)
|V |1/α. (7)
Lower bounds (in fact, exact values) for P can be read off from [18, Table 5.2.A] in the case
of classical groups; for exceptional groups we usually use the trivial bound P > d(L). We
will denote ν(g) := dimFQ([g,V ]), g¯ = gZ, and let e(g) > max{1,m/2} be an integer
greater than or equal to the largest dimension of eigenspaces of g on V for any g ∈ G.
Clearly, ν(g)  ν(gk) for any integer k, and ν(g)  m − e(g). Note that, in estimating
ν(g) for g ∈ G \M , we can use the specific element h listed in [4] such that g and h have
same action (via conjugation) on M , since gh−1 ∈ CG(M) = Z(G).
5.1. Exceptional groups of Lie type
To illustrate our argument, we give full details of the proof for the types 3D4(q) and
G2(q). Other cases can be dealt with similarly.
5.1.1. Let L = 3D4(q) with q  3. Then α  7 by Theorem 3.1, P m q3(q2 − 1),
|Out(L)|  3a  3q/2, and k(L)  1.56q4 (cf. [5]). Hence (7) implies 2.34q5 > (1/2 −
1/216)Qm/7, whence 4.73q5 >Qm/7  2q3(q2−1)/7, a contradiction.
Next let L = 3D4(2). Then α  7 by Theorem 3.1; furthermore, P = 819, |Out(L)| = 3,
and k(G/Z)  49 (cf. [4]). Hence (7) implies 49 > (1/2 − 1/819)Qm/7, whence Qm <
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3-modular character table of L [17], we see that m = 25. Thus V = F253 and G is ab-
solutely irreducible on V ; in particular, |Z| 2. Now we need sharper estimates on ν(g).
We claim that ν(g)  9 if 1 = g¯ is not a 3-element in G/Z. Indeed, if some nontrivial
power gk is an r-element in G with r = 7 or 13, then ν(gk) 18 (by direct computation
using [17]). Assume some nontrivial power g¯k is an involution in G/Z. Then g2k ∈ Z and
so g4k = 1. Since G/L Out(L) = Z3, we get g3k ∈ L. It follows that gk ∈ L = MZ, so
h := ±gk ∈ M with h2 ∈ M ∩ Z = 1 (here we identify elements in G with their action
on V ). Thus h is an involution in M , so [17] shows that any eigenspace of h has dimension
at least 9, whence ν(g)  ν(gk)  9, and the claim follows. On the other hand, there are
at most 18 classes of g ∈ G \ Z for which g¯ is a 3-element in G/Z, and for each of them
ν(g) dim(V )/α(g) 25/7, i.e. ν(g) 4. Also, notice that k(G) k(G/Z) · k(Z) 98,
and Ng = Qm−ν(g). So the counting argument in the proof of Proposition 3.5 yields
k(GV) 1 + 3
25 − 1
819
+ 1 + 18 · 325−4 + 78 · 325−9 < |V |
4
,
a contradiction.
5.1.2. Let L = G2(q) with q  5. Then α  5 by Theorem 3.1, P m q(q2 − 1),
|Out(L)|  2a  3q/4, and k(L) = q2 + 2q + 9  (1.76)q2 (cf. [6]). Hence (7) implies
(1.32)q3 > (1/2 − 1/120)Qm/5, whence (2.69)q3 >Qm/5  2q(q2−1)/5, a contradiction.
Next let L = G2(3). Then α  5 as above; furthermore, P = 351, and k(G/Z)  28
(cf. [4]). Hence (7) implies 28 > (1/2 − 1/351)Qm/5, whence Qm/5 < 57. Since m 14,
we see that either (Q,m) = (4,14), or Q = 2 and m  29. Notice that M = L or 3 · L;
moreover, in the latter case m = 27 or m  54 and the 27-dimensional module of 3 · L
cannot be realized over F2. It follows that M = L. Assume m > 14. Then, as we have
shown, Q = 2 and m = 28; in particular, Z = 1 and G2(3) G  G2(3) · 2, whence G
does not have any 2-modular irreducible representation of degree 28, a contradiction. Thus
m = 14. First consider the case Q = 4. If g ∈ G \ Z then e(g) = 14 − 
14/5 = 11 by
Lemma 3.2, and so Proposition 3.8 yields
k(GV)
|V | 
3
414
+ 1
351
+ 27
414−11
< 0.425,
a contradiction. Next consider the case Q = 2; in particular Z = 1. If g ∈ G \ Z is not a
2-element, then either e(g) can be taken to be 6, or else some power of g belongs to the
class 3A or 3B and e(g) = 8 (cf. [17]). If |g| = 2 then ν(g) 
14/5 = 3 by Lemma 3.2.
If |g| = 4, then the condition ν(g2)  3 implies ν(g)  5; the same is true if |g| = 8.
Proposition 3.8 now yields
k(GV)  114 +
1 + 1814−6 +
4
14−8 +
2
14−11 +
3
14−9 < 0.48,|V | 2 351 2 2 2 2
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k(GV)
|V | 
1
214
+ 1
351
+ 11
214−6
+ 6
214−8
+ 1
214−11
+ 4
214−9
< 0.39,
if G = M .
Finally, let L = G2(4). Then α  5 as above; furthermore, P = 416, and k(G/Z) 40
(cf. [4]). Hence (7) implies 40 > (1/2 − 1/416)Qm/5, whence Qm/5 < 81. Since m 12
and Q is odd, we see that m = 12, Q = 3 or 5 and M = 2G2(4). First consider the case
Q = 5. For g ∈ G \ Z we can take e(g) = 12 − 
12/5 = 9 by Lemma 3.2. Also, |Z| 
Q− 1. Thus Proposition 3.8 yields
k(GV)
|V | 
4
512
+ 1
416
+ 40
512−9
<
1
3
,
a contradiction. Next consider the case Q = 3; in particular |Z| = 2. If g ∈ G \Z and g¯ is
not a 3-element in G/Z, then e(g) can be taken to be 7, except for 4 classes 2A, 6A, 4D and
12D, for which we can take e(g) = 8 (cf. [17]). For the remaining 2 classes of nontrivial
3-elements g¯ we can take e(g) = 12 − 
12/5 = 9 by Lemma 3.2. Thus Proposition 3.8
yields
k(GV)
|V | 
2
312
+ 1
416
+ 40 − 2 − 4
312−7
+ 4
312−8
+ 2
312−9
< 0.266,
again a contradiction.
5.2. Classical groups
We continue to keep the assumptions made before (7).
5.2.1. Let L = Sp2n(q) with n  2, q even, and (n, q) = (2,2), (3,2). Then α 
2n+ 1 by [13, Theorem 4.1], m (qn−1)(qn−q)/2(q+1), P  85, |Out(L)| 2a  q ,
and k(L)  17qn by Theorem 3.9. Hence (7) implies 17qn+1 > (1/2 − 1/85)Qm/(2n+1),
whence 35qn+1 >Qm/(2n+1)  3m/(2n+1), a contradiction unless (n, q) = (4,2) or (2,4).
Assume L = Sp8(2). Then α  9 as before, P = 120, and k(G/Z) = 81 by [4]. Hence
(7) implies 81 > (1/2 − 1/120)Qm/9, whence 165 > Qm/9. Since Q is odd and m  35
by [17], we get Q = 3 and m = 35. If g ∈ G \ Z and g¯ is not a 3-element in G/Z, then
e(g) can be taken to be 28 (direct computation using [17]). For the remaining 6 classes of
nontrivial 3-elements g¯ we can take e(g) = 35 − 
35/9 = 31 by Lemma 3.2. So Proposi-
tion 3.8 implies
k(GV)
|V | 
2
335
+ 1
120
+ 6
335−31
+ 81 − 1 − 6
335−28
< 0.117,
a contradiction. The case Sp4(4) can be dealt with analogously.
Similar arguments apply to the cases L = PΩ2n(q) with n 4, or L = Ω2n+1(q) with
n 3 and q odd.
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(a) In general, α  2n by Theorem 3.1, m  (qn − 1)/2, P  364, |Out(L)| = 2a 
2q/3, and k(L) 12qn by Theorem 3.9. Hence (7) implies 8qn+1 > (1/2−1/364)Qm/2n,
whence 17qn+1 >Qm/2n  2m/2n, a contradiction unless (n, q) = (5,3), (4,3), (3,3), or
(3,5).
(b) Assume L = PSp8(3). It is shown in [38] that k(Sp2n(q)) is the coefficient of tn in
the generating function
∏∞
i=1((1 + t i )4/(1 − qti)). Hence k(L)  k(Sp8(3)) = 528, and
so (7) implies 1056 > (1/2 − 1/364)Qm/8, whence 2124 > Qm/8. Since m 40, we get
either Q = 4 and m 44, or Q = 2 and m 88. Furthermore, [11, Theorem 2.1] implies
that the degrees of absolutely irreducible M-representations in characteristic 2 are either
40 (and the representation is a Weil representation) or m 780. It follows that either Q = 4
and m = 40, or Q = 2 and m = 40 or 80. Since the Weil representations of Sp8(3) cannot
be realized over F2, we see that |V | = 280. Considering V as an F2-space, we see by
Lemma 4.1 that e(x) 54 if x ∈ L is not a 2-element, hence e(g) 67 for 1 = g ∈ L by
Lemma 3.4. So Proposition 3.8 implies
k(GV)
|V |  2
k(LV )
|V |  2
(
3
280
+ 1
364
+ 528
280−67
)
< 0.135,
again a contradiction.
The cases L = PSp10(3) or PSp6(5) can be dealt with similarly.
(c) Assume L = PSp6(3). According to [4], k(G/Z)  76, and so (7) implies 76 >
(1/2−1/364)Qm/6, whence 153 >Qm/6. Since m 13, we get either Q ∈ {4,5,7,8} and
m  21, or Q = 2 and m  43. Furthermore, [11, Theorem 2.1] implies that the degrees
of absolutely irreducible M-representations in cross characteristic are either 13 or 14 (and
the representation is a Weil representation), or m  78. It follows that either V is a Weil
representation, or Q = 2 and m ∈ {26,39}. Since the Weil representations of Sp6(3) cannot
be realized over Fr with r = 2,5,8, we see that Q = 4 or 7, if V is a Weil representation.
Similarly, since the Weil representations of Sp6(3) can be realized over F22 but not over F2,
the case (Q,m) = (2,39) cannot occur. Thus |V | = 413, 713, or 714.
First we consider the case G = MZ. Recall that the modular Weil representations lift
to complex representations. A calculation with the complex characters using [4] shows for
any g ∈ M \ Z, e(g)  m − 4. So we can take e(g) = m − 4 for the elements g ∈ G \ Z
such that g¯ is not a p-element. In the case g¯ is a p-element, we use the bound e(g) 
m− 
m/6 = m− 3 from Lemma 3.2. When Q = 7, Proposition 3.8 implies
k(GV)
|V | 
6
713
+ 1
364
+ 1
73
+ 76 − 1 − 1
74
< 0.037
(as L has only 1 nontrivial 7-class), a contradiction. When Q = 4, Proposition 3.8 implies
k(GV)
|V | 
3
413
+ 1
364
+ 7
43
+ 76 − 1 − 1
44
< 0.402
(as L has exactly 7 nontrivial 2-classes), again a contradiction.
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fuses two Weil representations (of given degree). Hence Q must be 2, m = 26, Z = 1,
G = PSp6(3) · 2. Consider any element g ∈ G. If g is not a 2-element, then gk ∈ M \ Z
for some k, and the above computation shows that we can take e(g) = 2 · 9 = 18. If g is
a nontrivial 2-element in G, then any eigenspace of g in an (absolutely irreducible) Weil
representation has dimension at most 13−
13/6 = 10 by Lemma 3.2, whence e(g) 20,
and there are 15 classes of such elements. Hence Proposition 3.8 implies
k(GV)
|V | 
1
226
+ 1
364
+ 15
226−20
+ 76 − 15 − 1
226−18
< 0.472,
again a contradiction.
5.2.3. Here we consider the case L = PSp4(q) with q odd and q  5.
(a) By [13, Theorem 4.3] α  5, m  (q2 − 1)/2, P = (q4 − 1)/(q − 1)  156,
|Out(L)| = 2a  4q/9. Furthermore, using [35] one can check that k(L) q2 + 2q + 6
(1.64)q2. Hence (7) implies (0.73)q3 > (1/2 − 1/156)Qm/5, whence 1.48q3 > Qm/5 
2m/5, a contradiction unless q = 5, 7 or 9.
(b) Assume L = PSp4(9). As before, (7) implies 420 > (1/2 − 1/156)Qm/5, whence
851 > Qm/5. Since m 40, we get Q = 2 and m 49. Applying [11] we obtain m = 40
and V |M is a Weil representation of M = PSp4(9). Since an outer automorphism of order 2
of L fuses the two Weil representations of M , we get |G/L|  2. If g ∈ L and g¯ is not a
2-element, then e(g)  22 by Lemma 3.2. It follows by Lemma 3.4 that e(g)  (40 +
22)/2 = 31 for all g ∈ L \Z. So Proposition 3.8 implies
k(GV)
|V |  2
k(LV )
|V |  2
(
1
240
+ 1
156
+ 105
240−31
)
< 0.423,
a contradiction.
The cases L = PSp4(7) or PSp4(5) can be dealt with similarly.
5.2.4. Here we consider the case L = PSLn(q) with n  3, and  = + for PSL and
 = − for PSU. Recall we have assumed that L /∈ E1.
(a) In general, α  n if n 5 by Theorem 3.1, and α  4 if n = 3 and α  6 if n = 4, cf.
[13, Theorem 4.1]. Assume n 4. Then m (qn−q)/(q+1), P  (qn−1)/(q−1) 31,
|Out(L)| = 2a(n, q − ) q(q − ), and k(L) 63.25qn/(q − ) by Theorem 3.9. Hence
(7) implies 63.25qn+1 > (1/2 − 1/31)Qm/α , whence 135.3qn+1 > Qm/α . When q = 2,
we get (2n − 2)/3  m < α((n + 1) log3 2 + 4.5), which is a contradiction unless n  7.
When q  3, we get (qn − q)/(q + 1)  m < α((n + 1) log2 q + 7.1), which is again a
contradiction unless (n, q) = (5,3), or n = 4 and q  5.
(b) Assume L = PSL7(2). As before, α  7 by Theorem 3.1, and P  (qn −
1)/(q − 1)  127. Furthermore, |Out(L)| = 2, and k(L)  1271 by Theorem 3.9. Hence
(7) implies 5166 > Qm/7. Since m  42 and Q is odd, we get Q = 3 and m  54. It
then follows that L = SU7(2), m = 42, and V |M is a Weil representation of M = SU7(2)
obtained by reducing the complex Weil representation of degree 42 modulo 3. Direct
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e(g) 32. On the other hand, if g¯ is a nontrivial 3-element then e(g) 36 by Lemma 3.2,
and the number of such conjugacy classes in L does not exceed the number of semisimple
classes in SU7(2), so it is at most 26 = 64 by [3, p. 102]. So Proposition 3.8 implies
k(GV)
|V |  2
k(LV )
|V |  2
(
2
342
+ 1
127
+ 64
342−36
+ 1271 − 64 − 1
342−32
)
< 0.234,
a contradiction. The case L = PSL6(2) is similar.
(c) Assume L = PSL5(3). As before, α  5 by Theorem 3.1. It is shown in [38] that
k(GUn(q)) is the coefficient of tn in the generating function
∏∞
i=1((1 + t i )/(1 − qti)).
Hence k(GU5(q)) = (q + 1)(q4 + q3 + 3q2 + 4q + 3), and k(GU4(q)) = (q + 1)(q3 +
q2 + 3q + 2). In particular, k(SU5(3)) = 150. Similarly, k(GLn(q)) is the coefficient of
tn in the generating function
∏∞
i=1((1 − t i )/(1 − qti)), cf. [24]. Hence k(GL5(q)) =
q5 − q2 − q + 1, and k(GL4(q)) = q4 − q . In particular, k(SL5(3)) = 116. Furthermore,
P  121, |Out(L)| = 2. Now (7) implies 611 > Qm/5, which is a contradiction since
m (35 − 3)/4 = 60.
Assume L = PSL5(2). Then P  31 and k(G/Z)  47 by [4], and so (7) implies
100.5 > Qm/5. If  = +, this gives a contradiction since m 29 (cf. [17]) and Q is odd.
Thus L = SU5(2). Since m  10 and Q is odd, we see that either Q = 3 and m  20, or
Q = 5 and m  14, or Q = 7 and m  11, or Q = 9 and m = 10. Assume m = 10, 20.
Then m = 11 and Q 5, and e(g) 8 by Lemma 3.2. Hence Proposition 3.8 implies
k(GV)
|V | 
4
511
+ 1
165
+ 47 − 1
511−8
< 0.375,
a contradiction. So we may assume that m = 10 or 20, and V |M is a direct sum of some
copies of a Weil representation of degree 10. Next we assume that (Q,6) = 1. Assume
g ∈ G and g¯ is not an -element. Direct computation using [4] shows that e(g)  6, un-
less g¯ belongs to the class 2A in L (in the notation of [4]). Furthermore, the number of
nontrivial -classes in G/Z is at most 1. Hence Proposition 3.8 implies
k(GV)
|V | 
4
510
+ 1
165
+ 2
510−8
+ 47 − 2 − 1
510−6
< 0.157,
a contradiction. So we may assume that 3 | Q. Assume |V | = 320 and consider V as an
F3-space. Again, for g ∈ G \ Z we have e(g)  6(m/10), unless g¯ belongs to one of 23
classes 2A, 3ABCDEF , 6ABCDEFILMN , 9ABCD, and 18AB , for which we may
take e(g) = 8m/10 (we are using the notation for conjugacy classes in L as given in [4],
and some of these classes may fuse in G/Z). Hence Proposition 3.8 implies
k(GV)
|V | 
8
320
+ 1
165
+ 23
320−16
+ 47 − 23 − 1
320−12
< 0.294,
again a contradiction.
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this particular situation, call a nontrivial class g ∈ G bad if dim(V g) = 7 or 8, good if
dim(V g) = 6, and very good if dim(V g)  5. Observe that if g ∈ G and |g¯| = 9 then
dim(V g) 6. (If not, then some power h of g has order 9 and dim(V h) 7. On the other
hand, h has at least one Jordan block of size  4 on V as h3 acts nontrivially on V . It
follows that h has exactly one Jordan block of size 4 and 6 blocks of size 1 on V . In
particular, dim(V h3) 9, contrary to Lemma 3.2.) On the other hand, if g¯ belongs to the
classes 3AB , 6ABGH in L, then dim(V g)  5. (Indeed, it suffices to prove the claim
for the case g belongs to the classes 3AB in M . Notice that CM(g) contains a subgroup
A  SU4(2), and all irreducible constituents of V |A are of dimension 5, whence the claim
follows.) Using these remarks, one can show that G has at most 4 bad classes (namely, the
classes 3CDEF ), and at most 8 good classes, if Z = 1. Next we observe that Ng  37 if g
is bad. (For, one needs to consider only the case dim(V g) = 8. Notice that CM(V ) contains
a subgroup A of order 4. Moreover, if t ∈ A has order 2, then t can have eigenvalue 1
on V/[g,V ] of multiplicity  6 (as it does so on V ). In particular, A acts faithfully on
V/[g,V ]. The last two observations imply that o(A,V/[g,V ]) 37.) Direct count using
Lemma 2.2 now yields
k(GV)
|V | 
1
310
+ 1
165
+ 4
310−8
+ 8
310−6
+ 47 − 8 − 4 − 1
310−5
< 0.393,
provided that Z = 1. Finally, assume |Z| = 2. One can show that now G has at most 12
bad classes and at most 10 good classes. Obviously, Ng  (36 + 1)/2 if g is good, and
Ng  (35 + 1)/2 if g is very good, since CG(g)  Z. Now we pay more attention to the
bad classes. One of them contains z with −z belonging to the class 2A of M . Claim that
Nz  86. (Indeed, CM(z) contains a subgroup E  21+6− which acts irreducibly on the
8-dimensional space V/[z,V ]. Since E has 54 noncentral involutions and 72 elements of
order 4, character calculation shows that o(E,V/[z,V ]) = (38 + 54 · 34 + 73 · 1)/128 =
86.) Also notice that, if g¯ belongs to the classes 6CDEFILM in L then dim(V g) 7 by
Lemma 3.2 (ii) and so Ng  (37 +1)/2 as CG(g) Z. Direct count using Lemma 2.2 now
yields
k(GV)
|V | 
2
310
+ 1
165
+ 4 · 3
7
310
+ 86
310
+ 7 · (3
7 + 1)
2 · 310 +
10 · (36 + 1)
2 · 310 +
71 · (35 + 1)
2 · 310
< 0.494.
(d) Assume L = PSL4(5). Then α  6 by [13, Theorem 4.1]. According to [24],
we have k(PSU4(5))  k(SU4(5)) = (k(GU4(5)) + 3 · k(GU2(5)))/6 = 185. Similarly,
k(PSL4(5))  k(GL4(5)) = (k(SL4(5)) + 3 · k(GL2(5)) + 12 · k(GL1(5)))/4 = 182. Fur-
thermore, P  156, |Out(L)|  8. Therefore, (7) implies 2999 > Qm/6, a contradiction
since m 104. The case L = PSL4(4) is similar.
(e) Assume L = PSL4(3). Here, k(PSL4(3)) = 29, P = 40, and |Out(L)| = 4. There-
fore, (7) implies 245 > Qm/6. Since m  26, we see that Q = 2, and m = 26 or 38; in
particular Z = 1 and L = PSL4(3). Assume m = 38. Direct check using [17] shows that
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Hence Proposition 3.8 implies
k(LV )
|V | 
1
238
+ 1
40
+ 29
238−29
< 0.082,
whence k(GV)/|V | 4k(LV)/|V | < 0.328, a contradiction. Assume m = 26. Direct check
using [17] shows that e(g) 14 if g ∈ L is not a 2-element. By Lemma 3.4, e(g) 20 for
the 6 nontrivial classes of 2-elements g ∈ L. Hence Proposition 3.8 implies
k(LV )
|V | 
1
226
+ 1
40
+ 6
226−20
+ 29 − 6 − 1
226−14
< 0.125.
Notice that (GV : LV)  2, whence k(GV)/|V |  2k(LV)/|V | < 0.25, again a contradic-
tion.
(f) Assume L = PSL3(q) with q  7. As above, α  4 by [13], and k(L)  q2 +
q + 10 < 1.35q2 by Theorem 3.9. Furthermore, P  57, and |Out(L)|  6a  2.25q .
Therefore, (7) implies 6.3q3 > Qm/4  2m/4, which is a contradiction if q  8 or if
(q, ) = (7,+).
Assume L = SL3(3). Here k(G/Z)  15 and P = 13. Moreover, α = 3 by [13,
Lemma 3.2], therefore (7) implies 36 > Qm/3. Since m  11, we see that Q = 2, and
m = 12; in particular Z = 1 and L = SL3(3). By Lemma 3.2, e(g)  8 for 1 = g ∈ G.
Observe that if g ∈ G and |g| = 8 then dim(V g) 7. (If not, then g has exactly one Jordan
block of size 5 and 7 blocks of size 1 on V , whence dim(V g2) 9, a contradiction.) Direct
calculation using [17] shows that dim(V g) is 0 for the 4 classes 13ABCD, at most 4 for
the classes 3B and 6B , at most 6 for the 4 classes 3A, 6A, and 12AB , at most 7 for the
3 classes 8ABC (as shown above), and at most 8 for the 4 classes 2AB and 4AB (the
notation for conjugacy classes in L · 2 is as in [4]). Hence Proposition 3.8 yields
k(GV)
|V | 
1
212
+ 1
13
+ 4
212
+ 2
212−4
+ 4
212−6
+ 3
212−7
+ 4
212−8
< 0.493,
a contradiction.
The cases L = PSU3(q) with 4 q  7 or SL3(5) can be dealt with similarly.
5.2.5. Here we consider the case L = PSL2(q).
(a) First we assume q  32 and q is even. Then α  4 by [13, Lemma 3.1], m q − 1,
P  33, |Out(L)| 5q/32, and k(L) q+4 < 1.13q . Hence (7) implies 0.18q2 > (1/2−
1/33)Qm/4, whence 0.39q2 >Qm/4  3(q−1)/4, a contradiction.
Next assume q  79 and q is odd. Then α  4 as before, m  (q − 1)/2, P  80,
|Out(L)| 8q/81, and k(L) = (q +5)/2 < (0.54)q . Hence (7) implies (0.06)q2 > (1/2−
1/80)Qm/4, whence (0.13)q2 > 2(q−1)/8, a contradiction.
(b) Here we assume q = p  19. Then α  3 by [13, Lemma 3.1], P = q + 1, and
k(L) (q+5)/2. Hence (7) implies 2q+16 >Qm/3. It follows that m< q−1 and Q< 4.
Thus m = (q ± 1)/2 and so V |M is a Weil representation. Since Weil representations of
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In this case (7) implies q + 8 > Q(q−1)/6, whence Q = 2 and q  31. Thus G = L and
V = F(q−1)/22 . Assume q = 31. Direct check using [17] shows that e(g) 5 if g ∈ G is not
a 2-element. On the other hand, e(g) 10 for the 8 nontrivial classes of 2-elements in G
by Lemma 3.2. Hence
k(GV)
|V | 
1
215
+ 1
32
+ 8
215−10
+ 18 − 8 − 1
215−5
< 0.291.
The cases 19 q = p  29 are similar.
(c) Assume q = 11. Then α  3 by [13, Lemma 3.1], m 5, P = 11, and k(G/Z) 13.
Hence (7) implies 32 > Qm/3, whence either Q = 2 and m ∈ {10,12}, or V |M is a Weil
representation and Q 7. Assume V |M is a Weil representation. Then Q> 2 and G = L,
as the Weil representations of M cannot be realized over F2 and fuse under the outer
automorphism of M . If g ∈ G \Z then e(g)m− 2 by Lemma 3.2. If Q 5, then
k(GV)
|V | 
4
55
+ 1
11
+ 8 − 1
52
< 0.373.
Assume Q = 4. Direct check using [17] shows that e(g) 2 if g ∈ G is not a 2-element,
and G has only one nontrivial class of 2-elements. Hence
k(GV)
|V | 
3
45
+ 1
11
+ 1
45−3
+ 6 · (4
2 + 2)
45
< 0.262.
Assume Q = 3. Direct calculation using [17] shows that dim(V g) is at most m− 5 for
the 2 classes 11AB , m−4 for the 2 classes 5AB , m−3 for the class 6A by Lemma 3.2(ii),
and m − 2 for the 2 classes 2A and 3A of g¯ ∈ L (the notation for conjugacy classes is as
in [4]). Notice that |Z| 2. Moreover, if 1 = Z = 〈z〉 and g¯ has odd order, then either g or
gz has no nonzero fixed points on V . Therefore,
k(GV)
|V | 
7
35
+ 1
11
+ 2
34
+ 2
33
+ 2
32
< 0.441,
a contradiction. Thus Q = 2 and m = 10 or 12; in particular, Z = 1. Direct check using [17]
shows that dim(V g) 4 if g ∈ L is not a 2-element. On the other hand, dim(V g)m− 4
for the only nontrivial class of 2-elements in L. Hence
k(LV)
|V | 
1
210
+ 1
11
+ 1
24
+ 6
210−4
< 0.249,
and so k(GV)/|V | 2k(LV)/|V | < 0.498, again a contradiction.
The cases q ∈ {8,13,16,17,25,27,49} can be dealt with similarly.
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In this section we assume that L = Altn. We will denote by D the heart of the natural
permutation moduleM= Fn; in particular,D is absolutely irreducible and dim(D) = n−2
if char(F) =  | n, and n− 1, otherwise. We also write Q = b for a prime .
6.1. Reduction to the natural permutation module
First we record the following statement.
Lemma 6.1. Assume n 17 and V is a nontrivial projective absolutely irreducible FAltn-
module. Then either V D, or dim(V ) (n2 − 5n+ 2)/2.
Proof. We may assume that F is algebraically closed. Suppose dim(V ) < (n2 −5n+2)/2.
Then dim(V ) < 2(n−3)/2	 as n  17, so V actually yields a linear representation of Altn
by [19]. Let W be a simple Symn-submodule of Ind
Symn
Altn (V ). Then dim(W) < n
2 −5n+2.
By [25, Proposition 2.2], we may assume that W is labeled by an -regular partition λ of
the form (n− 1,1), (n− 2,2), or (n− 2,1,1).
Observe that if n  7 and µ is an -regular partition of the form (n), (n − 1,1),
(n − 2,2), or (n − 2,1,1), then the irreducible FSymn-module Dµ labeled by µ is also
irreducible over Altn. For we can induct on n, with the case n = 7 easily checked. The
claim is also well known for  = 0 or µ = (n), (n − 1,1). For the induction step, as-
sume µ = (n− 2,1,1). The branching rule for Specht modules yields S(n−2,1,1)|Symn−1 =
S(n−3,1,1) + S(n−2,1). On the other hand, S(n−2,1,1)(mod) = D(n−2,1,1) + δD(n−1,1) with
δ = 0 or 1. It follows that D(n−2,1,1)|Symn−1 contains the composition factor D(n−3,1,1) with
multiplicity 1. By the induction hypothesis, D(n−3,1,1) is irreducible over Altn−1. Hence
D(n−2,1,1) is irreducible over Altn (as otherwise its restriction to Altn−1 would contain
D(n−3,1,1) at least twice, a contradiction). The same argument applies to (n− 2,2).
The above observation implies that V = W |Altn . Moreover, dim(W) (n2 − 5n+ 2)/2
if λ = (n− 1,1). Hence λ = (n− 1,1) and we are done. 
Lemma 6.2. k(Altn) k(Symn) for any n 5.
Proof. Let P be the set of partitions of n of the form (a1, . . . , as) with a1 > a2 > · · · > as
and all ai being odd. If g ∈ Symn then it is well known that gSymn = gAltn precisely when
g has cycle type α ∈ P . Notice that the map π : (a1, . . . , as) → (a1, . . . , as−1, as − 2,2)
is an injection from P into the set Q of all odd partitions of n. It follows that k(Altn) 
k(Symn)− |P| − |Q| + 2|P| k(Symn). 
Theorem 6.3. Let G be a finite almost quasi-simple group, V a finite-dimensional faithful
irreducible FQG-module. Assume the unique non-abelian composition factor L of G is the
alternating group Altn, where n 17 if  n and n 8, otherwise. Then either
(i) k(GV) < |V |/2, or
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Proof. 1. We may again assume that V is absolutely irreducible and that neither (i) nor (ii)
holds. We also denote Z := Z(G) as usual. Let W be an irreducible constituent of V |MZ .
Assume W |M = D. Then W is stable under G and G/MZ is cyclic, so W also extends
to G. It follows that dim(V ) = dim(W) and V |M =D, contrary to our assumptions. Hence
m = dim(V ) dim(W) (n2 − 5n+ 2)/2 by Lemma 6.1.
First we assume n 23. It is well known that
k(Symn) <
π√
6(n− 1)e
π
√
2n/3 < 0.2735 · 23.701
√
n. (8)
On the other hand, P = n, and G/Z is either Altn or Symn; in particular, k(G/Z) 
k(Symn) by Lemma 6.2. Furthermore, if 1 = g ∈ G/Z(G) then α(g) n/2 except for the
transpositions for which α(g) = n− 1, cf. Theorem 3.1. Hence Proposition 3.8 implies
1
2
 k(GV)|V | <
Q
Qm
+ 1
n
+ 1
Qm/(n−1)
+ k(G/Z)
Q2m/n
, (9)
whence 22m/n Q2m/n < 0.61 · 23.701√n. Thus 2m/n < −0.7 + 3.701√n, a contradiction
since n 23 and m (n2 − 5n+ 2)/2.
Next we assume that 17  n  22. Then instead of (8) we have k(Symn) < 0.0077 ·
23.701
√
n
, hence (9) now yields 22m/n  Q2m/n < 0.018 · 23.701√n. Thus 2m/n <
3.701
√
n− 5.7, a contradiction since n 17 and m (n2 − 5n+ 2)/2.
2. From now on we assume that  > n. First consider the case 12 n 16. The proof
of Lemma 6.1 implies dim(V ) > 2n; furthermore, k(Symn) < 2(n+ 1)2 for the chosen n.
Hence (9) yields
k(GV)
|V | <
1
Q2
+ 1
n
+ 1
Q2
+ 2Q
2
Q2m/n
<
1
n
+ 4
Q2
< 0.108,
a contradiction. Next suppose that 5 n  11 and m  n. Then m − 
m/α(g) m − 2
for any g ∈ G \Z(G). Hence Proposition 3.8 implies
k(GV)
|V | <
1
Qn−1
+ 1
n
+ k(Symn)
Q2
< 0.494.
If m< n, then n = 9, M = 2Altn, m = 8, and G = MZ(G). Direct calculation shows that
we can take e(g) = 4 for all g ∈ G \Z(G). Applying Proposition 3.8 we get
k(GV)
|V | <
1
Q7
+ 1
9
+ 13(Q
4 +Q− 2)
Q8
< 0.112. 
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Throughout this subsection we assume that G(∞) = Altn, and V |Altn is the heart D
of the natural permutation module M. Then we may assume that M = 〈e1, . . . , en〉FQ ,
and V =M1/(M0 ∩M1), with M0 = 〈e :=∑ni=1 ei〉FQ , M1 = {∑ni=1 xiei | xi ∈ FQ,∑n
i=1 xi = 0}, and S := Symn acts on M in the natural way (however, the action of a
subgroup Symn in G on M may differ from this action).
The first statement allows us to pass from V to M while counting orbits.
Lemma 6.4. In the above notation, let g ∈ S and γ ∈ F×Q. Then o(CS(g),V/[γg,V ]) is at
most
(i) o(CS(g),M/[γg,M]) if   n, or if γ = 1 and  is coprime to the length of some
g-orbit on {1,2, . . . , n};
(ii) Q · o(CS(g),M/[γg,M]), in general.
Proof. First assume that (, n) = 1. Then M0 ∩M1 = 0 and M  M0 ⊕ V . Hence
we have M/[γg,M]  M0/[γg,M0] ⊕ V/[γg,V ], and so o(CS(g),V/[γg,V ]) 
o(CS(g),M/[γg,M]).
Now we assume  | n. Notice that [γg,M1] has codimension at most 1 in [γg,M].
Hence Lemma 2.6 implies o(CS(g),V/[γg,V ]) = o(CS(g),M1/([γg,M1] +M0)) is
at most
o
(
CS(g),M1/[γg,M1]
)
 o
(
CS(g),M/[γg,M1]
)
Q · o(CS(g),M/[γg,M]).
Assume, in addition, that γ = 1 and  is coprime to k, where {1,2, . . . , k} is a g-orbit.
Setting f :=∑ki=1 ei we see that M= 〈M1, f 〉 and [g,M] = [g,M1], whence
o
(
CS(g),V/[g,V ]
)
 o
(
CS(g),M/[g,M1]
)= o(CS(g),M/[g,M]). 
Next we count the orbits for the natural permutation module M.
Lemma 6.5. (i) The number of Symn-orbits on the set of vectors of M= FnQ is
(
n+Q−1
Q−1
)
.
Moreover,
(
n+Q−1
Q−1
)
Qn = |M|.
(ii) Assume g ∈ S = Symn has cycle type (1a1 ,2a2 ,3a3, . . .), and γ ∈ F×Q. Then
o
(
CS(g),M/[γg,M]
)

∏
i: γ i=1
(
ai +Q− 1
Q− 1
)
.
Proof. (i) Label the elements of FQ by γ1, . . . , γQ. To each v = ∑ni=1 xiei ∈ M we
associate an ordered Q-tuple c(v) = (m1, . . . ,mQ), with mj = |{i | xi = γj }|. Clearly,
u,v ∈M belong to the same Symn-orbit precisely when c(u) = c(v). Thus the number of
Symn-orbits onM is equal to the number of ordered Q-tuples (m1, . . . ,mQ) with mj ∈ Z,
0mj  n =∑Q mi , and the statements follow easily.i=1
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may assume g = (1,2, . . . , k)(k + 1, . . . ,2k), . . . , ((a − 1)k + 1, . . . , ak). If γ k = 1, then
[γg,M] =M, and so we are done. Assume γ k = 1. Then the a vectors ei + [γg,M]
with k | i form a basis forM/[g,M]. Moreover, CS(g) contains a subgroup which acts on
M/[g,M] as Syma on its natural permutation module. Hence the statement follows from
part (i). 
Lemma 6.6. Assume that g ∈ S = Symn has cycle type (1a1 ,2a2 ,3a3, . . .), γ ∈ F×Q, and
Z  F×Q. Then
∑
x∈γgZ o(CS(x),V/[x,V ]) is at most
(i) (Q− 1)Q1+n/2	 if a1 = 0,
(ii) (Q− 2)Q1+(n−1)/2	 + o(CS(g),M/[g,M]) if a1 > 0.
Proof. Let a :=∑i>1 ai . Assume a1 = 0. Then 2a ∑i iai = n, and so a  n/2	. Fur-
thermore, by Lemmas 6.4 and 6.5 for any x ∈ γgZ we have
o
(
CS(x),V/[x,V ]
)
Q · o(CS(x),M/[x,M])Q ·∏
i
(
ai +Q− 1
Q− 1
)
Q1+a,
whence (i) follows as |Z|Q− 1.
Next assume a1 > 0. Then 2a 
∑
i>1 iai = n− a1  n− 1, and so a  (n− 1)/2	. If
x = γgz ∈ γgZ with γ z = 1, then
o
(
CS(x),M/[x,M]
)

∏
i>1
(
ai +Q− 1
Q− 1
)
Qa
by Lemma 6.5. On the other hand,
o
(
CS(g),V/[g,V ]
)
 o
(
CS(g),M/[g,M]
)
by Lemma 6.4(i). Now (ii) follows as above. 
To use Lemmas 6.5 and 6.6 effectively, we need some more estimates.
Lemma 6.7. Let 0 ai ∈ Z,∑∞i=1 iai = n, and A :=∏i (ai+Q−1Q−1 ).
(i) Assume n 23 and m ∈ {n− 1, n− 2}. Then A is at most (Q/2)m/e if Q 8 and at
most Q2m/3/e if Q = 7, where e = limn→∞(1 + 1/n)n ≈ 2.7183 .
(ii) Assume Q = 2. Then A 2n/3 if n 23 and A 2n/3−1 if n 30.
(iii) If 3Q 5, then AQn/2−1, unless (Q,n) = (3, 13), (4, 14), (5, 15).
222 R.M. Guralnick, P.H. Tiep / Journal of Algebra 293 (2005) 185–242Proof. Since the proofs are similar in all three cases, we give the detailed argument in the
case of (i). By Lemma 6.5(i), A  Qa , with a :=∑i ai . Let α := n − m. Observe that
b! e(b/e)b for any integer b 1, hence(
b +Q− 1
Q− 1
)/
Qb <
(Q+ b/2)b
Qbb! 
(
e
(
1
b
+ 1
2Q
))b/
e. (10)
The case Q = 7 can be dealt with similarly, so we will assume Q  8. Assume a1 
(n− 8)/3. If ai > 0 for some i > 2, then
4m− 6a =
∑
i>1
(4i − 6)ai − 2a1 − 4α  n+ 3 − 3a1 − 4α  3,
and so 3a  2m − 2 and A  Q(2m−2)/3 < (Q/2)m/e. Otherwise a2  (n + 4)/3  9,
whence e(1/a2 + 1/2Q) < 1/2, and (10) implies(
a2 +Q− 1
Q− 1
)
< (Q/2)a2/e.
In this case we have
eA/(Q/2)m < 2m−a2/Qm−a  2−2m−a2+3a.
Since 2m+ a2 − 3a = 2a2 − a1 − 2α > 0, we get eA (Q/2)m.
Assume (n − 7)/3  a1  (n − 4)/2. Then a1  6 and so e(1/a1 + 1/2Q) < 1/
√
2,
whence (10) implies (
a1 +Q− 1
Q− 1
)
<Qa1/2a1/2e.
In this case
eA/(Q/2)m < 2m−a1/2/Qm−a  2−2m−a1/2+3a.
If ai  1 for some i > 3 or a3  2, then
4m+ a1 − 6a =
∑
i>1
(4i − 6)ai − a1 − 4α  n+ 6 − 2a1 − 4α  2,
so eA (Q/2)m. Otherwise a2  (n− 2)/4 and so a2  6. In this case we again have(
a2 +Q− 1
Q− 1
)
<Qa2/2a2/2e
and so
e2A/(Q/2)m < 2m−(a1+a2)/2/Qm−a  2−2m−(a1+a2)/2+3a.
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4m+ a1 + a2 − 6a =
∑
i>1
(4i − 6)ai + a2 − a1 − 4α  n+ 6 − 2a1 − 4α  2,
we get e2A (Q/2)m.
Assume (n− 3)/2 a1. Then a1  10 and so e(1/a1 + 1/2Q) < 2−11/10, whence (10)
implies (
a1 +Q− 1
Q− 1
)
<Qa1/211a1/10e.
In this case,
eA/(Q/2)m < 2m−11a1/10/Qm−a  2−2m−11a1/10+3a.
If ai  1 for some i > 2 or a2  3, then
2m+ 11a1/10 − 3a =
∑
i>1
(2i − 3)ai + a1/10 − 2α  4 − 2α  0,
so eA  (Q/2)m. Otherwise a1  n − 4  19. In this case e(1/a1 + 1/2Q) < 2−3/2,
whence (10) implies (
a1 +Q− 1
Q− 1
)
<Qa1/23a1/2e.
Thus
eA/(Q/2)m < 2m−3a1/2/Qm−a  2−2m−3a1/2+3a.
Now
2m+ 3a1/2 − 3a =
∑
i>1
(2i − 3)ai + a1/2 − 2α > 9 − 2α  0,
so eA (Q/2)m. 
The next three statements handle the heart D of the natural module for Altn. They use
different methods, one efficient for n large enough, and the other suitable for small n; also,
Lemma 6.9 deals only with the coprime case (because of these reasons we split these three
statements).
Theorem 6.8. Let G be a finite almost quasi-simple group with M := G(∞) = Altn, and
V a finite-dimensional faithful FQG-module. Assume V |M is the heart D of the natural
permutation module. Then either k(GV) < |V |/2, or one of the following holds:
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(ii) Q = 4 or 5, and n 15.
(iii) Q = 3 and n 20.
(iv) Q = 2 and n 22.
Proof. 1. Clearly, Z := Z(G)  F×Q acts scalarly on V , and M × Z = L  G  L · 2.
We claim that G  F×QS with S := Symn acting on V naturally. The claim is obvious if
G = L. Assume G>L. Then there is a g ∈ G \L and s ∈ S \M such that the actions via
conjugation of g and s on M are the same. In this case, gh−1 centralizes M and so g = λh
with λ ∈ F×Q, yielding G = 〈L,g〉 F×QS. This claim ensures that we can use Lemma 6.6
in our estimates. Assume k(GV) |V |/2.
Recall that V = FmQ with m ∈ {n − 1, n − 2}, and k(GV) 
∑
N˜g , where N˜1  |Z| +
|V |/P < Q + Qm/n. Assume g /∈ Z. Then we can write g = γ h with h ∈ Symn and
γ ∈ F×Q. Furthermore, CAltn(g) has index at most 2 in CS(g). Hence Lemma 6.6 implies
N˜g  2(Q− 1)Q1+n/2, respectively
N˜g  2(Q− 2)Q(n+1)/2 + 2o
(
CS(g),M/[g,M]
)
,
according to whether h has no cycle of length 1 or does.
2. Here we assume that Q 8 and n 23. Then (Q− 1)/Q3/2 < 0.301 and 2 + n/2
(2n− 5.5)/3 2m/3 − 0.5. By Lemmas 6.5 and 6.7,
o
(
CS(g),M/[g,M]
)
 (Q/2)m/e.
It follows that N˜g < 0.95(Q/2)m for g /∈ Z. Thus
Qm/2 k(GV) <Qm/n+Q+ (k(G/Z)− 1)(0.95)(Q/2)m
<Qm/n+ k(G/Z) · (0.95)(Q/2)m,
and so k(G/Z) > 0.48 · 2n−2. By (8) and the fact that Altn  G/Z  Symn, we have
k(G/Z) 0.28 · 23.701√n. It follows that 3.701√n > n− 1.3, a contradiction for n 17.
The case Q = 7 and n 23 is similar. Notice that we have used Lemma 6.7 which, on
the one hand, works for all Q 7 but, on the other hand, is not the best possible estimate
if Q is close to 7. This is the reason why the bound in Theorem 6.8 is better for Q = 4,5
than for Q 7.
3. Here we assume that 3  Q  5 and n  16. By Lemmas 6.4, 6.5, and 6.7,
o(CS(g),M/[g,M])Qn/2−1 and N˜g < 2(Q− 1)Qn/2. Thus
Qm/2 k(GV) <Qm/n+Q+ (k(G/Z)− 1) · 2(Q− 1)Qn/2
<Qm/n+ k(G/Z) · 2(Q− 1)Qn/2,
and so
0.332 · 23.701
√
n > k(G/Z) > 0.218 ·Q(n−4)/2/(Q− 1). (11)
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16 n 20, one can check that
0.332 · 23.701
√
n−5.3 > k(G/Z), (12)
and using this better upper bound in (11) we get 3.701√n > 1.16(n− 4)+ 2.68, a contra-
diction as n 14. Similar arguments apply to the cases Q = 3 or 4.
4. Assume Q = 2. First we consider the case n  30. By Lemmas 6.4, 6.5, and 6.7,
o(CS(g),M/[g,M]) 2n/3−1 and so N˜g < 2n/3+1. Thus
2m/2 k(GV) < 2m/n+ 2 + (k(G/Z)− 1) · 2n/3+1 < 2m/n+ k(G/Z) · 2n/3+1,
and so 0.239 · 23.701√n > k(G/Z) > 0.466 · 22n/3−3. Thus 3.701√n > 2n/3 − 2.04, a con-
tradiction for n 37.
Next we assume 23  n  36. Then o(CS(g),M/[g,M])  2n/3 by Lemma 6.7 and
so N˜g < 2n/3+2. Thus
2m/2 k(GV) < 2m/n+ 2 + (k(G/Z)− 1) · 2n/3+2 < 2m/n+ k(G/Z) · 2n/3+2,
and so 0.274 · 23.701√n−5.58 > k(G/Z) > 0.456 · 22n/3−4. Thus 3.701√n > 2n/3 + 2.31,
a contradiction for n  24. If n = 23, then (, n) = 1, so by Lemma 6.4 we have N˜g <
2n/3+1, whence 3.701
√
n > 2n/3 + 3.31, a contradiction. 
We will need the following “coprime” analogue of Theorem 6.8.
Lemma 6.9. Let G be a finite almost quasi-simple group with M := G(∞) = Altn, n 8,
V a finite-dimensional faithful FQG-module. Assume V |M is the heart D of the natural
permutation module and  > n. Then k(GV) < |V |/2.
Proof. By our assumption, Q 11. By Theorem 6.8 we may assume that n 22, whence
k(G/Z) k(Symn) < 1.895(n+1)2  1.895Q2. As in step 1 of the proof of Theorem 6.8,
we have G  F×q S with S := Symn acting naturally on V = Fn−1Q . For any g ∈ Symn of
cycle type α = (1a1 ,2a2 ,3a3, . . .), we estimate Σ(g) :=∑γ∈F×q |V/[γg,V ]|. It is straight-
forward to check that
Σ(g) = Q
∑
i ai−1 +
∑
1=γ∈F×q
Q
∑
i: γ i=1 ai . (13)
Denote X :=∑i (i − 1)ai . If X  5, then
Σ(g) <Q ·Q
∑
i ai = Qn+1−X Qn−4.
Assume X = 4. If (n,α) = (8, (24)), we see that a1 > 0, whence (13) implies
Σ(g) <Q ·Q
∑
i ai−1 = Qn−X Qn−4.
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Σ(g) = Q4 +Q3 +Q− 3 < (1.1)Qn−4.
Now assume that 1  X  3. Then α is one of the following: (1n−4,4), (1n−5,2,3),
(1n−6,23), (1n−4,22), (1n−3,3), (1n−2,2). In all these cases, gSymn = gAltn , and, by (13),
Σ(g) is at most Qn−4 + (Q− 2)Q, Qn−4 + (Q− 2)Q, Qn−4 +Q3 +Q− 3 (these three
bounds are < (1.1)Q4), Qn−3 + Q2 + Q − 3, Qn−3 + 3Q − 4 (these two bounds are
< (1.001)Qn−3), and Qn−2 + 2Q − 3 < (1.001)Qn−2, respectively. Since N˜g  Σ(g),
our estimates imply
k(GV)
|V | <
Q
Qn−1
+ 1
n
+ (1.895)Q
n−2
Qn−1
+ 4(1.1)Q
n−4
Qn−1
+ 2(1.001)Q
n−3
Qn−1
+ (1.001)Q
n−2
Qn−1
< 0.409. 
Next we handle the groups G with L = Altn and 17 n 22.
Lemma 6.10. Let G be a finite almost quasi-simple group with M := G(∞) = Altn, 17
n  22, V a finite-dimensional faithful FQG-module. Assume V |M is the heart D of the
natural permutation module. Then k(GV) < |V |/2.
Proof. First we consider the case Q 49. Recall m := dim(V ) n − 2, and α(g¯) n/2
for 1 = g¯ ∈ G/Z(G), except for the transpositions. It follows that
k(GV)
|V | <
1
Qm−1
+ 1
n
+ 1
Q
+ k(Symn)− 2
Q2
<
1
17
+ 1
Q
+ 1001
Q2
< 0.497.
Next we assume 8  Q < 47. By virtue of Lemma 6.9, we may assume   n;
in particular Q  32. First we estimate k(MS) with S := Symn acting naturally on
M = FnQ. Since M is self-dual, k(MS) =
∑
Sv∈M/S k(StabS(v)) by Corollary 2.5. In
the notation of the proof of Lemma 6.5, if c(v) = (m1, . . . ,mQ) then k(StabG(v)) =
k(Symm1) · · ·k(SymmQ)  B , with B := 875, 1375, 1925, 3125, 4375, and 6875, for
n = 17, 18, 19, 20, 21, and 22, respectively. By Lemma 6.5 and (10),
|M/S| =
(
n+Q− 1
Q− 1
)
Qnβn/e, with β := e(1/n+ 1/2Q).
Thus k(MS)  BQnβn/e and so k(MAltn)  2BQnβn/e. Notice that V =M1/M0 if
 | n and V M/M0 otherwise, and |Z(G)| < Q. Hence k(GV)/|V |  2BQ1+2δβn/e
with δ = 1 if  | n and 0 otherwise. Now one readily checks that k(GV)/|V | < 1/2. For
instance, if n = 22 then β < 0.33, whence k(GV)/|V | < 0.136 as Q 32 and B = 6875.
Finally, assume 2Q 7. Recall that n 22, so we can count k(MS) directly and use
the estimate k(GV) 2Qδ(Q− 1)k(MS). This direct count shows that k(GV)/|V | < 1/2
if (Q,n) = (2, 19) or (2,17), (3, 13), (4, 13), (5, 11), (7, 8) (notice that
this improves Theorem 6.8). It remains to consider the case (Q,n) = (2,18). Here,
R.M. Guralnick, P.H. Tiep / Journal of Algebra 293 (2005) 185–242 227k(MSymn) =
∑n
i=0 k(Symi × Symn−i ) = 12230, and k(MAltn) =
∑n
i=0 k((Symi ×
Symn−i )∩ Altn) 11510. It follows that k(GV)/|V | (2 · 12230)/216 < 0.374. 
Theorems 6.3, 6.8, and Lemma 6.10 immediately imply
Corollary 6.11. Let G be a finite almost quasi-simple group, V a finite-dimensional faithful
irreducible FQG-module. Assume the unique non-abelian composition factor L of G is the
alternating group Altn with n 17. Then k(GV) < |V |/2.
7. Sporadic groups
Theorem 7.1. Let G be a finite almost quasi-simple group, V a finite-dimensional faithful
irreducible FQG-module. Assume the unique non-abelian composition factor L of G is a
sporadic finite simple group. Then k(GV) < |V |/2.
Proof. Assume the contrary: k(GV) |V |/2. The parameter α is listed in [13, Lemma 7.6];
in particular α  3; also, we may assume that G is absolutely irreducible on V and
m := dim(V )  3. Hence (7) holds. A lower bound on m is recorded in [18, Proposi-
tion 5.3.8]. We will give full details of the proof for the cases L ∈ {Co1,Suz,M22, J2}
where one encounters most difficulties; all the remaining cases can be dealt with similarly.
1. Assume L = Co1. Then α = 5, P = 98280, and k(G/Z) = 101, so (7) implies |V | <
3.4 · 1011. Using the results of [16] and [15] we get |V | = Q24 with Q = 2 or 3. If Q = 3,
Lemma 3.2 yields |[g,V ]| 35 for any g ∈ G \Z(G), so
k(GV)
|V | 
2
324
+ 1
98280
+ 100
35
< 0.412,
a contradiction. So Q = 2 and G = Co1. By Lemma 7.2, V can be obtained by reducing
the Leech lattice modulo 2, hence e(g) 12 if g ∈ G is not a 2-element. Next, e(g) 19
by Lemma 3.2 if g belongs to the 3 classes of involutions in G. If |g| = 2a  4 (and there
are 14 such classes in G), then the condition |V g2a−1 |  219 implies that |V g|  216. It
follows that
k(GV)
|V | 
1
224
+ 1
98280
+ 3
224−19
+ 14
224−16
+ 101 − 1 − 3 − 14
224−12
< 0.169.
2. Assume L = Suz. Then α = 5, P = 1782, and k(G/Z)  80, so (7) implies |V | <
1.06 · 1011. Using the results of [15,16] we get |V | = Q12 with Q = 3, 4, 5, or 7. If Q = 7,
Lemma 3.2 yields |[g,V ]| 73 for any g ∈ G \Z(G), so
k(GV)
|V | 
6
712
+ 1
1782
+ 79
73
< 0.231,
a contradiction. Also Q = 5 as the irreducible 12-dimensional representations of M =
6 · Suz cannot be realized over F5. Assume Q = 3 and g ∈ G \ Z. If g¯ is not a 3-element
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class of involutions, for which we can take e(g)  8. If g¯ is a 3-element, then e(g)  9
by Lemma 3.2, and there are at most 5 classes of such elements. Hence Proposition 3.8
implies
k(GV)
|V | 
2
312
+ 1
1782
+ 5
312−9
+ 1
312−8
+ (80 − 5 − 1)(3
6 + 1)
312
< 0.3.
Thus Q = 4. In this case, V |M can be obtained by reducing a complex representation of
degree 12 of 6 ·Suz (see the decomposition matrix available online at [28]). Hence, if g¯ ∈ L
is not a 2-element then e(g) 6, whereas e(g) 9 by Lemma 3.2 if 1 = g¯ is a 2-element.
It follows that
k(GV)
|V |  2
k(LV)
|V |  2
(
3
412
+ 1
1782
+ 33(2 + 4
6)
412
+ 9
412−9
)
< 0.3.
3. Assume L = M22. Then α = 4, P = 22, and k(G/Z) 21, so (7) implies |V | < 4.56 ·
106. Using [17] we get |V | ∈ {210,212,410,310}. Assume |V | = 310 and let us consider
g ∈ G \Z. Direct calculation using [17] shows that e(g) 6 except possibly for one class
of 3-elements for which we have e(g) 7 by Lemma 3.2. Thus
k(LV)
|V | 
2
310
+ 1
22
+ 1
310−7
+ 10
310−6
< 0.206,
whence k(GV)/|V | < 0.412. Assume |V | = 410. For g ∈ G \ Z we have e(g)  7 by
Lemma 3.2. Thus
k(GV)
|V | 
3
410
+ 1
22
+ 20
410−7
< 0.358.
Assume |V | = 46; in particular M = 3M22 and k(M) = 34. For g ∈ L \ Z we have
|V g| 42 by [17], except possibly for 1 class of involutions and 3 classes of elements of
order 4 or 8 for which we have |V g| 44, respectively |V g| 43. Thus
k(LV)
|V | 
3
46
+ 1
22
+ 1
46−4
+ 3
46−3
+ 27 · (2 + 4
2)
3 · 46 < 0.196,
whence k(GV)/|V | < 0.392. Finally, assume |V | = 210; in particular Z = 1 and M22 =
M  G  M · 2. We will estimate Ng for 1 = g ∈ G. If x belongs to class 3A in M
then |V x |  24, and so Ng  24 for g in the classes 3A, 6AB , 12A (the class notation
is as in [4]). Similarly, we have Ng  22 for g in the classes 5A and 10A, Ng  2 for
g in the classes 7AB and 14AB , and Ng  1 for g in the classes 11AB . Next we look
at the 2-elements. If |g| = 2, then e(g)  7 by Lemma 3.2. Moreover, if g belongs to
class 2C, then CG(g) contains an element h of order 5 and h can have eigenvalue 1 on
V/[g,V ] of multiplicity  2 (as it does so on V ), whence Ng  o(〈h〉,V/[g,V ]) (27 +
4 · 22)/5 and so Ng  28. Similarly, by looking at an element of order 3 in CG(g) for g
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Ng  |V g|  25. If |g| = 8, then the condition |V g2 |  25 implies that Ng  |V g|  24.
Altogether, these estimates imply
k(GV)
|V | 
(
1
210
+ 1
22
)
+ 4
210−4
+ 2
210−2
+ 4
210−1
+ 2
210
+ 28 + 2 · 53
210
+ 4
210−5
+ 2
210−4
< 0.415.
4. Assume L = J2. Then α = 4, P = 100, and k(G/Z)  27, so (7) implies |V | <
9.3 · 106. Using [17] we get |V | = 314 or |V | = R6 with R = 4,5,9,11 (notice that
the 6-dimensional irreducible representations of M cannot be realized over F with
 = 2,3,7,13). Assume |V | = 314. Then e(g) dim(V )− 4 by Lemma 3.2 for g ∈ G \Z,
whence
k(GV)
|V | 
2
314
+ 1
100
+ 26
34
< 0.331.
Similarly, k(GV)/|V | < 0.225 if |V | = 116 and k(GV)/|V | < 0.331 if |V | = 96.
Assume |V | = 56. Direct calculation using [17] shows that e(g)  3 for all nontrivial
classes of g¯ ∈ G/Z, except possibly for 5 classes 2A, 5ABCD, for which we have e(g) 4
by Lemma 3.2. Thus
k(GV)
|V | 
4
56
+ 1
100
+ 5
56−4
+ 21 · (3 + 5
3)
56
< 0.383.
Assume |V | = 46 and Z = 1. Direct calculation using [17] shows that |V g| 42 for all
nontrivial classes of g ∈ G \ Z, except possibly for 3 classes 2ABC, and  6 classes of
order 4 or 8, for which we have |V g| 44 by Lemma 3.2, respectively |V g| 43. Thus
k(GV)
|V | 
1
46
+ 1
100
+ 3
46−4
+ 6
46−3
+ 27 − 3 − 6 − 1
46−2
< 0.358.
Assume |V | = 46 and Z = Z3. Then |V g| 42 for all nontrivial classes of g ∈ G \ Z,
except possibly for 3 classes 2ABC and 18 classes of order 4, 8, 3, 6, 12, or 24, for which
we have |V g| 44 by Lemma 3.2, respectively |V g| 43. Observe that if |V g| 4a then
o(CG(g),V/[g,V ]) (2 + 4a)/3 as Z = Z3. Hence
k(GV)
|V | 
3
46
+ 1
100
+ 3 · (2 + 4
4)
3 · 46 +
18 · (2 + 43)
3 · 46 +
59 · (2 + 42)
3 · 46 < 0.257. 
We prove the following result used in the proof of Theorem 7.1.
Lemma 7.2. G = Co1 has a unique faithful 24-dimensional representation over a field of
characteristic 2.
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Brauer character, and let ρ be the unique irreducible complex representation of 2G of
degree 24. It suffices to show that
ϕ(g) = ρ(g) (14)
for any 2′-element g ∈ G. We consider the following subgroups H  Co3, K  3Suz : 2,
M  M24, and N = NG(t)  Q : Sp4(3) : 2, where Q = 31+4+ and t is an element of class
3C in G (the notation for classes and subgroups of G is as in [4]). The 2-modular irre-
ducible representations of H and K are known (their decomposition matrices are available
online at [28]). In particular, it is easy to see that (14) holds if gG ∩ (H ∪ K) = ∅. Since
K = NG(a) for a ∈ G in class 3A, K intersects the classes 3A, 13A, 15AB , 21A, 33A,
and 39AB . By restricting the irreducible complex representation of degree 276 of G to H
we see that H intersects the classes 3BCD, 5C, 7B , 9BC, 11A, 15E, 21C, and 23AB . By
restricting ρ to 6 · Suz we see that K intersects the classes 5AB , 7A, and 15C. Since (14)
holds for 5-elements, using [17] one checks that (14) holds for g ∈ M . By restricting ρ to
M , we get that M intersects the class 15D. As a result, we get (14) for all 2′-classes in G,
except possibly for 9A, 21B , and 35A. If |g| = 35, then g is rational, so (14) holds for g.
Assume g belongs to the class 21B . Then we already know that ϕ(g3) = −4, ϕ(g7) = 6,
and g is rational, so one readily checks that ϕ(g) = −1 = ρ(g). Finally, consider the re-
strictions of V to N and C := CG(t)  Q : Sp4(3). Decompose V = V0 ⊕ V1 ⊕ V2, with
t acting on Vj via the multiplication by ωj , ω a cubic root of unity. Since dim(V1) = 9
and Sp4(3) is perfect, V1|C is uniquely determined, and so is (V1 ⊕ V2)|N = IndNC (V1).
Since Sp4(3) permutes the 80 nontrivial linear characters of Q/〈t〉 and dim(V0) = 6, we
see that Q acts trivially on V0. Now N/Q induces an outer automorphism of Sp4(3). Fur-
thermore, if h ∈ Sp4(3) is of order 5 then the action of h on V0 is uniquely determined since
ϕ(h) = ρ(h). Inspecting N/Q-stable representations of degree  6 of Sp4(3), we see that
V0|C is unique, and so is V |C . Since C intersects the class 9A, we are done. 
Proof of Theorem 1.4. Under the assumptions of the theorem, suppose that L /∈ E ∪
Lie(p). By Propositions 2.4, 2.8, and 2.10, we may assume that G is irreducible on V .
Now the inequality k(GV) < |V |/2 follows from Theorem 5.1 if L is of Lie type, Corol-
lary 6.11 if L is an alternating group, and Theorem 7.1 if L is a sporadic group. Assume
L ∈ E , G is irreducible on V , and k(GV)  |V |/2. Then (7) implies the upper bound for
|V | as listed in Table 1 (notice that we either choose α = 4 for m := dim(V ) = 2, or have
m,α  3, so m− 2m/α  1 in all cases). 
Proof of Theorem 1.6. Keep the assumptions of the theorem. As usual, we may as-
sume that G is absolutely irreducible on V = FmQ. Since p is coprime to |G|, L :=
soc(G/Z(G)) /∈ Lie(p). If L /∈ E1 \ {Alt8}, then the inequality k(GV) < |V |/2 follows
from Theorem 5.1 if L is of Lie type, Theorem 6.3 and Lemma 6.9 if L is an alternating
group, and Theorem 7.1 if L is a sporadic group. It remains to handle the cases where
L ∈ E1 \ {Alt8}. We assume that k(GV)  |V |/2 and denote Z := Z(G), M := E(G),
L := MZ.
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e(g)m− 3 for all g ∈ G \Z by Lemma 3.2, whence
k(GV)
|V | 
1
Q12
+ 1
27
+ 24
Q3
< 0.108.
Similarly, if m 7 and G = MZ then e(g)m− 2 for all g ∈ G \Z and
k(GV)
|V | 
1
Q6
+ 1
27
+ 19
Q2
< 0.425.
We consider any g ∈ G \ Z and analyze the remaining possibilities for V individually.
Assume V |M affords the 6-dimensional character χ4 listed in [4]. Then e(g)  m − 2
except for one class in G \Z, and so
k(GV)
|V | 
1
Q5
+ 1
27
+ 1
Q
+ 23
Q2
< 0.319
if Q 11 and
k(GV)
|V | 
1
Q5
+ 1
27
+ 19
Q2
< 0.425
if G = MZ. In the case Q = 7 and G>MZ, one checks that e(g) 3 for 11 G/Z-classes,
whence Proposition 3.8 implies
k(GV)
|V | 
1
Q5
+ 1
27
+ 1
Q
+ 11(Q
3 +Q− 2)
Q6
+ 25 − 2 − 11
Q2
< 0.458.
Next, assume all irreducible constituents of V |M afford the 5-dimensional character χ2
listed in [4] or its conjugate. If m = 10, then G>MZ, and e(g) is  8 for one class,  6
for all other classes, and so
k(GV)
|V | 
1
Q9
+ 1
27
+ 1
Q2
+ 23
Q4
< 0.068.
If m = 5, then G = MZ, and e(g) is  4 for one class,  3 for 11 classes and  2 for 7
other classes, whence Proposition 3.8 implies
k(GV)
|V | 
1
Q4
+ 1
27
+ 1
Q
+ 7(Q
2 +Q− 2)
Q5
+ 11
Q2
< 0.428.
Finally, assume all irreducible constituents of V |M afford the 4-dimensional character χ21
listed in [4] or its conjugate; in particular, Z(G)  Z2. If m = 8, then e(g)  m − 2 and
N˜g  (Q6 +Q2 + 2Q− 4)/2, whence
k(GV)  17 +
1 + 24(Q
6 +Q2 + 2Q− 4)/2
8 < 0.283.|V | Q 27 Q
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k(GV)
|V | 
1
Q3
+ 1
27
+ 2(Q
3 + 3Q− 4)/2
Q4
+ 17(Q
2 +Q− 2)
Q4
< 0.282
if Q  11. (Notice that N˜g  (Q3 + 3Q − 4)/2 if e(g) = 3 and N˜g  Q2 + Q − 2 if
e(g) 2.) If m = 4 and Q = 7, then notice additionally that V gz = 0 for z ∈ Z if g¯ belongs
to the four classes 2B , 4B , 5A, and 6F (in the notation of [4]), hence
k(GV)
|V | 
1
Q3
+ 1
27
+ 2(Q
3 + 3Q− 4)/2
Q4
+ 13(Q
2 +Q− 2)
Q4
+ 4(Q− 1)
Q4
< 0.493.
The cases L ∈ {Ω+8 (2),Sp6(2),PSU4(3),PSL3(4),SU3(3),SL3(2)} can be dealt with sim-
ilarly.
Now we proceed to consider L = Altn with n  7. The proof of Theorem 6.3 shows
that we may assume m < n. First assume n = 7, then k(G/Z) 15, P = 7, and Q 11.
For g ∈ G \ Z we have α(g)  3 except for one class of transpositions; also, m  4 and
Q 11. It follows that
k(GV)
|V | 
1
Q3
+ 1
7
+ 1
Q
+ 13(Q
2 +Q− 2)
Q4
< 0.35.
Assume L = Alt5. Then P = 5, k(G/Z) 7, and Q 7. If m = 4 then e(g)m − 2
except possibly for one class, whence
k(GV)
|V | 
1
Q3
+ 1
5
+ 1
Q
+ 5(Q
2 +Q− 2)
Q4
< 0.459.
If m = 3, then G = MZ, Q 11, and e(g) 1 except for one class, whence
k(GV)
|V | 
1
Q2
+ 1
5
+ 1
Q
+ 3(2Q− 2)
Q3
< 0.345.
We may now assume that m = 2, so M = SL2(5), G = MZ, and Q 19 or Q = 11. Notice
that M acts regularly on the nonzero vectors of V , so N˜1  (Q2 − 1)/120 +Q− 1. On the
other hand, if g ∈ G \Z then N˜g  2Q− 2 by Lemma 3.6. Thus
k(GV)
|V | 
(Q2 − 1)/120 +Q− 1
Q2
+ 4(2Q− 2)
Q2
< 0.458
if Q 19. Assume Q = 11. Then N˜1 = 2 + |Z| − 1 = |Z| + 1 as before. Also, V g = 0 for
all 1 = g ∈ M , whence
k(MV) = 22 +
8
2 < 0.083.|V | Q Q
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z ∈ Z5 and x ∈ M , then Ng = 2 for g = 1 or for |x| = 5 and z acts on V as one of the two
eigenvalues of x, and Ng = 1, otherwise. It follows that k(GV) = 50.
The case L = Alt6 is similar. 
8. Finite groups of Lie type in the defining characteristic
This section is devoted to the proof of Theorem 1.5. We will assume that L is a finite
group of Lie type defined over Fq with q = pa . Assume the contrary: V = FmQ is an (ab-
solutely) irreducible FQG-module, k(GV) |V |/2 but assertion (iii) of Theorem 1.5 does
not hold. As usual, we denote M = L(∞), Z := Z(G), and F := FQ. Then V |M is a direct
sum of say κ := m/m′ submodules, all G-conjugate to an irreducible M-module V0 = Fm′Q .
Denoting Q0 = |EndM(V0)|, we also view V0 as an m0-dimensional absolutely irreducible
FQ0M-module. Also, let D be the smallest dimension of irreducible FM-modules. The
precise value of D, as well as descriptions of irreducible FM-modules of dimension in a
range close to D, are given in [18, Propositions 5.4.11, 5.4.12] and [23], and we will freely
use results from there without further quote.
Observe that
Qm = |V | = |V0|m/m′  |V0| = Qm00 max
{
QD, qD
}
, (15)
(where the inequality |V0|  qD holds by Lemma 4.2.) In particular, m D. Recall that
α  3 by [13], where α := max{α(x) | 1 = x ∈ G/Z} as usual. Choosing α = 4 for m = 2
(which can happen only when L = L2(q)), we have m − 2m/α  1. Hence, (7) holds by
Proposition 3.7. In particular, if L is a classical group then (7) implies the upper bound for
|V | as listed in Table 1. From now on, we assume L is not of type A1, whence mD  3.
First we handle the exceptional groups of Lie type. We give full details of the proof
for the cases L = E6(q), 3D4(q), and G2(q); other cases can be dealt with by the same
arguments.
8.1. Let L = E6(q) with  = ±. Then α  9 by Theorem 3.1,
D = 27, P > 3q9, ∣∣Out(L)∣∣= 2a(3, q − ) 3q, and
k(L) k(E6(q)sc) q6 + q5 + 2q4 + 4q3 + 18q2 + 26q + 62 < (5.41)q6
(cf. [6]). Hence (7) implies
(16.23)q7 > (1/2 − 1/210)Qm/9,
whence Qm < q109. In fact, if q  4 then k(L) < (1.55)q6, so (7) implies Qm < q76 if
q  5 and Qm < q78 if q = 4. If q = 3, then k(L) < (2.12)q6 and |Out(L)| = 2, so (7)
implies Qm < q72.
234 R.M. Guralnick, P.H. Tiep / Journal of Algebra 293 (2005) 185–242Consider the case q = 2 and V = F782 is the adjoint module. Then Z = 1. Also, k(L) =
180 if  = + and 126 if  = −. By Lemma 4.12, dim([V,g]) 14 if g = 1. It follows that
k(MV)
|V | 
1
278
+ 1
3 · 29 +
180
214
< 0.012,
and so k(GV)/|V | 6 · k(MV)/|V | < 0.072.
The above consideration, together with Lemma 4.2 and the results of [23], now imply
that |V | = qs with s = 27, 54, 81, or 108 (and the cases s = 81 or 108 can occur only when
q = 2); moreover, we may assume that V0 = F27Q0 is a minimal module for M = E6(q)sc
and Q0 is a power of q . By Lemma 4.11, |[V0, g]| Q120 if g ∈ M is not unipotent, and
|[V0, g]|Q60 if 1 = g ∈ M is unipotent; furthermore, k(M) < (5.41)q6 as above, and M
has  44 unipotent classes [27]. It follows that
k(MV)
|V | 
1
Q260
+ 1
3q9
+ (5.41)q
6
Q120
+ 44
Q60
. (16)
Assume  = −. Then Q0 is a power of q2 by [18, Proposition 5.4.17]; in fact, Q0 = q2
or q4. Since (GV:MV) < 3qQ0, we obtain from (16) that
k(GV)
|V | 
3
q49
+ 1
q4
+ 16.23
q15
+ 132
q9
< 0.321.
Now we may assume  = +. If Q0  q2 or V > V0 then again k(GV)/|V | < 0.321 as
in the case  = −. So we must have Q0 = q and V = V0 = F27q . If q  5, (16) implies
k(GV)
|V | 
3
q24
+ 1
q7
+ 16.23
q4
+ 132
q4
< 0.238.
Assume q = 4. Then Z(M) = Z3  Z, so (GV : MV) < qQ0 and (16) implies
k(GV)
|V | 
1
q24
+ 1
3q7
+ 5.41
q4
+ 44
q4
< 0.194.
Assume q = 3. Then k(M) < (2.12)q6 and M has 27 unipotent classes, so instead of
(16) we have
k(MV)
|V | 
1
q26
+ 1
3q9
+ (2.12)q
6
q12
+ 27
q6
.
Since (GV : MV) 4, we get k(GV)/|V | < 0.16.
Finally, assume q = 2; in particular, Z = 1. Now M has 28 unipotent classes, and
by [21], for all but two involution classes of them we have dim([V,g]) 12. So instead of
(16) we have
k(MV)  127 +
1
9 +
178
12 +
2
6 .|V | q 3q 2 2
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8.2. Let L = 3D4(q). Then α  7 by Theorem 3.1, D  8, P > q3(q2 − 1)  24,
|Out(L)| = 3a  3q/2, and k(L) q4 + q3 + q2 + q + 6 (cf. [5]). If q  3 then k(L) <
(1.56)q4, so (7) implies Qm < q46. If q = 2, then k(G/Z) 49, so (7) implies Qm < q48.
Now Lemma 4.2 and the results of [23] imply that either |V | = q24 and V |M = F8q3
is a minimal module, or V = F28−2δp,2q and V |M is the adjoint module. First we consider
the adjoint case. Let W be a minimal module for M over F := Fq . If p = 2 then V ⊗ F
is quasi-equivalent to
∧2
(W), whereas
∧2
(W) is uniserial with composition factors 1,
V ⊗ F, 1 when p = 2. Notice that the image of the action of MZ on ∧2(W) is contained
in
∧2
(GL(W)). Applying Lemmas 2.6 and 4.3 we get |[V,g]|  q12−2δp,2 if g ∈ L is
not of order p and |[V,g]|  q6−2δp,2 if 1 = g ∈ L is of order p. Also, L has at most 8
unipotent classes. If q  4, we obtain
k(LV)
|V | 
1
q25
+ 1
q3(q2 − 1) +
(1.56)q5
q10
+ 8
q4
,
and so k(GV)/|V | < 0.203 as (GV : LV) < 3q/2. Similarly, k(GV)/|V | < 0.08 if q = 3. If
q = 2, then M has only 2 classes of involutions, P = 819, and k(M) = 35, so
k(MV)
|V | 
1
226
+ 1
819
+ 35
210
+ 2
24
< 0.161,
whence k(GV)/|V | < 0.483 as (GV : MV) 3.
Next we consider the case |V | = q24. Consider V as an 8-dimensional Fq3M-module.
For any g ∈ L \Z we have e(g) 6 by Lemma 3.2, whence
k(LV)
|V | 
q3 − 1
q24
+ 1
q3(q2 − 1) +
k(L)
q6
,
as |Z| q3 − 1. In particular, k(GV)/|V | < 0.381 if q  5.
Assume q  4. Notice that for (q4 − q2)/4 classes of elements g ∈ M of (prime) order
q4 − q2 + 1 (type s14 in the notation of [5]), V gz = 0 for all z ∈ Z. Hence
k(LV)
|V | 
q3 − 1
q24
+ 1
q3(q2 − 1) +
(q3 − 1)(q4 − q2)/4
q24
+ k(L)− (q
4 − q2)/4
q6
,
and so k(GV)/|V | < 0.46 when q = 3,4. Finally, assume q = 2. Using [17] one can check
that e(g)  4 for any g ∈ G \ Z with g¯ not being unipotent, and k(G/Z)  49. Hence
Proposition 3.8 yields
k(GV)
|V | 
7
88
+ 1
819
+ (49 − 8)(6 + 8
4)
88
+ 8
82
< 0.137.
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24, and k(L)  q2 + 2q + 9 (cf. [6]). If q  5, then |Out(L)|  4q/9, hence (7) implies
(0.79)q3 > (1/2 − 1/24)Qm/5, whence Qm < q17. If q = 4 then |Out(L)| = 2 and k(L) =
2q2, so (7) implies Qm < q18. If q = 3, then k(G/Z)  28, so (7) implies Qm < q19.
Using Lemma 4.2 and the results of [23], we see that V0 = Qs0 with s = 7− δp,2 or 14, and
Q0 is a power of q .
Assume s = 14. Then V = V0 = F14q is the adjoint module for M = G2(q) and p = 3;
in particular, |Out(L)| = a  q/2. Consider any g ∈ L \ Z. By Lemmas 4.12 and 3.4,
e(g) 8 if g¯ is not unipotent, and e(g) 11 if g¯ is unipotent. Since L has  8 nontrivial
unipotent classes, we get
k(LV)
|V | 
q − 1
q14
+ 1
q(q2 − 1) +
2q2
q14−8
+ 8
q14−11
,
whence k(GV)/|V | < 0.3.
So we may assume that V0 = F7−δp,2Q0 is a minimal module for M . Let 1 = g ∈ MZ.
Then |[V0, g]| is at least Q30 if g¯ is not unipotent by Lemma 4.12, and at least Q20 if g¯
is unipotent by Lemma 3.2. Assume Q0 > q . Then V = V0, Q0 = q2, and Z obviously
stabilizes V0. By Proposition 3.8 we now have
k(LV)
|V | 
|Z|
q12
+ 1
q(q2 − 1) +
k(L)(|Z| − 1 + q6)
q12
+ 8
q4
, (17)
and so k(GV)/|V | < 0.345 as |Z|  q2 − 1 and (GV : LV)  2q/3. Assume V > V0 and
Q0 = q . Then (17) again holds for k(LV)/|V |, and k(GV)/|V | < 0.345.
Thus we may assume V = V0 and Q0 = q . Using [21] one can show that even when g¯
is unipotent, |[V,g]| q3 except possibly for the two classes of root elements. So instead
of (17) we have
k(LV)
|V | 
q − 1
qs
+ 1
q(q2 − 1) +
k(L)(q − 2 + qs−3)
qs
+ 2
q2
.
If q  11, then k(L) < (1.26)q2 and (GV : LV) |Out(L)| q/4, whence k(GV)/|V | <
0.365. If q = 5 or 7, then k(L) < (1.76)q2 and G = L, whence k(GV)/|V | < 0.443. If
q = 9, then (GV : LV)  2 (as the graph automorphism interchanges the two minimal
modules of M), so the above estimate implies k(GV)/|V | < 0.35. Assume q = 8. Then
k(LV)/|V | < 0.21 and so we are done if G = L. If G > L, then any g ∈ G \ L cyclically
permutes the three M-submodules of V ⊗ Fq , whence |[V,g]|  q4. Thus the classes in
GV \ LV contribute an extra term < 0.05 to k(GV)/|V |, yielding k(GV)/|V | < 0.26. As-
sume q = 3; then G = L. If g ∈ G \ Z, then direct computation using [17] shows that
|[V,g]| 34, except possibly for one class of long root elements (for which |[V,g]| 32)
and two classes of elements of order 2 and 6 (for which |[V,g]|  33). This gives
k(GV)/|V | < 0.436 if Z = 1 and k(GV)/|V | < 0.356 if Z = Z2. Finally, assume q = 4. If
g ∈ L \Z, then direct computation using [17] shows that e(g) 2 for 16 classes, e(g) 3
R.M. Guralnick, P.H. Tiep / Journal of Algebra 293 (2005) 185–242 237for 14 classes, and e(g) 4 for 1 class 2A in L/Z. This gives k(GV)/|V | < 0.37 if G = L.
Assume G>L; then Z = 1. Notice in addition that if g ∈ G\L and g2 = 1 then |V g| 25.
This observation and direct computation using [17] imply that |[V,g]| 44 for 9 classes,
|[V,g]| 27 for 14 classes, |[V,g]| 43 for 15 classes, and |[V,g]| 42 for 1 class 2A
in G \ {1}, yielding k(GV)/|V | < 0.445.
Now we proceed to handle the classical groups.
8.4. Linear groups and unitary groups
8.4.1. Assume L = PSLn(q) with n  6. Then α  n by Theorem 3.1, D = n  6,
P = (qn − 1)/(q − 1)  63, k(L)  (1.25)qn/(q − 1) by Theorem 3.9, and |Out(L)| =
2a(n, q − 1)  q(q − 1). Hence (7) implies (1.25)qn+1 > (1/2 − 1/63)Qm/n, whence
Qm < (2.59)nqn(n+1) < qn(n+2.4).
Assume n 8. By [23], the nontrivial restricted FSLn(F)-modules either have dimen-
sion > n(n + 3), or are one of the following modules: the natural modules N := Fn,∧2
(N ), Sym2(N ), A(N ) (the adjoint module, which is the heart of the tensor product
N ⊗N ∗), ∧3(N ) if n 10, ∧4(N ) if n = 8, and their duals. Applying Lemma 4.2, we
see that either V0 is restricted and quasi-equivalent to one of the mentioned modules and
Q0 is a power of q , or V0 ⊗ F  N ⊗N σ with Q0 a power of q1/2 and σ a Frobenius
twist.
8.4.2. Assume L = PSUn(q) with n  8. Then α  n by Theorem 3.1, D = n 8,
P  (qn + 1)(qn−1 − 1)/(q2 − 1) > 10695, k(L) (24.44)qn/(q + 1) by Theorem 3.9,
and |Out(L)| = 2a(n, q + 1)  q(q + 1). Hence (7) implies (24.44)qn+1 > (1/2 −
1/10695)Qm/n, whence Qm < 49nqn(n+1) < qn(n+7) and Qm < qn(n+5) if q  3.
By [23], the nontrivial restricted FSLn(F)-modules either have dimension  n(n + 7)
if p = 2 and  n(n + 5) if p > 2, or are one of the following modules: the natural mod-
ule N := Fn, ∧2(N ), Sym2(N ), A(N ) (the adjoint module, which is the heart of the
tensor product N ⊗N ∗), ∧3(N ) if n  12, ∧4(N ) if n  9, and their duals. Applying
Lemma 4.2, we see that either V0 is restricted and quasi-equivalent to one of the men-
tioned modules and Q0 is a power of q (notice that N cannot be realized over Fq since
n = 4).
From now on we assume L = PSLn(q) with n 8.
8.4.3. Assume V0 is quasi-equivalent to
∧3
(N ). The bound on Qm implies Q0 = q
and V = V0 if  = +; if  = − then n = 8, Q0 = q2 and V = V0.
First we consider the case  = −. By Corollary 4.8, |[V,g]|  q21 for all g ∈ L \ Z.
Hence Proposition 3.8 yields
k(LV)  q
2 − 1
112 +
1 + k(L)21 .|V | q P q
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and V =∧3(Fnq). By Corollary 4.8, |[V,g]|  q(n−1)(n−2)/4  qn+5/2 for all g ∈ L \ Z,
whence Proposition 3.8 yields
k(LV)
|V | 
q − 1
q56
+ 1
q7
+ k(L)
qn+5/2
.
Since n 8, k(L) (9/8)qn/(q − 1). Furthermore, V |M is not invariant under the graph
automorphism (of order 2) of M , so (GV : LV)  a(q − 1)  q(q − 1)/2. It follows that
k(GV)/|V | < 0.22.
The case V0 is quasi-equivalent to
∧4
(N ) is similar.
8.4.4. Assume V0 is quasi-equivalent to N ⊗ N σ ; in particular  = + and Q0 is a
power of q1/2. The bound on Qm implies that qn(n+2.4) > Qm = Qκn20 , whence κ  2
and Q  Q0  q . Consider any g = hz with z ∈ Z and h ∈ M and call g bad if
|[V,g]| < Qκ(3n−4)0 . Notice that Qκ(3n−4)0 < |V |1/3 since n  8. Furthermore, z acts
scalarly on every direct summand of V |M , and any such summand is quasi-equivalent
to N ⊗N σ . By Lemma 4.5, either |[V,g]| Qκ(3n−4)0 , or |[V,g]| Qκ(2n−2)0 and h is
(a multiple of) a transvection or a pseudoreflection (in GLn(F) and so in GLn(Fq) as well,
as h is stable under the Frobenius map x → xq ). Observe that any automorphism of M
preserves the set of transvections, respectively the set of pseudoreflections. Moreover, if
|[V,g]| < Qκ(3n−4)0 , then |V g| > |V |2/3, so |V zg| < |V |1/3 and |[V, zg]| > Qκ(3n−4)0 for
1 = z ∈ Z. Thus every class hZ can contain at most one bad element. We have therefore
shown that L = MZ contains < q bad classes (one for the transvections and q − 2 for the
pseudoreflections). Applying Proposition 3.8 to L we obtain
k(LV)
|V | 
|Z|
|V | +
1
P
+ k(L)
Q
κ(3n−4)
0
+ q
Q
κ(2n−2)
0
<
q − 1
qn
2/2
+ 1
qn−1
+ (9/8)q
n/(q − 1)
q(3n−4)/2
+ q
qn−1
.
It follows that k(GV)/|V | < 0.29 if q  4. If q = 2,3 then Q0 = q , whence k(GV)/|V | <
0.02.
The case V0 is quasi-equivalent to A(N ) is similar.
8.4.5. Assume V0 is quasi-equivalent to
∧2
(N ) or Sym2(N ); in particular Q0 is a
power of q if  = + and Q0 is a power of q2 if  = −. When  = +, the bound on Qm
implies that qn(n+2.4) > Qm  Qκn(n−1)/20 , whence κ  2 and Q  Q0  q2. Similarly,
κ  2 and Q Q0  q4 when  = −. Consider any g = hz with z ∈ Z and h ∈ M and
call g bad if |[V,g]| <Qκ(2n−6)0 . Notice that Qκ(2n−6)0 < |V |1/2 since n 8. Again, z acts
scalarly on every direct summand of V |M , and any such summand is quasi-equivalent to∧2
(N ), respectively Sym2(N ). By Lemmas 4.3 and 4.4, either |[V,g]|  Qκ(2n−6)0 , or
|[V,g]|Qκ(n−2) and h is (a multiple of) a transvection or a pseudoreflection. Moreover,0
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1 = z ∈ Z. Thus every class hZ can contain at most one bad element. We have shown that
L = MZ contains at most q −  bad classes. Hence Proposition 3.8 yields
k(LV)
|V | 
|Z|
|V | +
1
P
+ k(L)
Q
κ(2n−6)
0
+ q − 
Q
κ(n−2)
0
.
It follows that k(GV)/|V | < 1/6 if  = − and n  7, k(GV)/|V | < 0.38 if  = + and
n  9 or n  8 and q  3. Finally, if (n, q, ) = (8,2,+), then a finer argument with
counting double transvections as well as transvections (see Lemmas 4.3 and 4.4) gives
k(GV)/|V | < 0.21.
8.5. Other classical groups. I: Reduction to small modules
8.5.1. Assume L = PSp2n(q) with n 4 and q is odd. Then α  2n by Theorem 3.1,
D = 2n 8, P = (q2n−1)/(q−1) 3280, k(L) 12qn by Theorem 3.9, and |Out(L)| =
2a < q . Hence (7) implies 12qn+1 > (1/2 − 1/3280)Qm/2n, whence Qm < q2n(n+4).
By [23], the nontrivial restricted FSp2n(F)-modules either have dimension > 2n(n+4),
or are one of the following modules: the natural modules N := F2n, L(ω2) (the heart
of
∧2
(N )), L(2ω1) (the heart of Sym2(N )), and L(ω3) and L(ω4) if n = 4. Applying
Lemma 4.2, we see that either V0 is restricted and quasi-equivalent to one of the mentioned
modules and Q0 is a power of q , or V0 ⊗F N ⊗N σ with Q0 = q1/2 and σ a Frobenius
twist.
8.5.2. Assume L = PSp2n(q) with n  5 and q is even. Then α  2n + 1 by The-
orem 3.1, D = 2n  10, P  qn−1(qn − 1)  496, k(L)  17qn by Theorem 3.9, and
|Out(L)| = a  q/2. Hence (7) implies (8.5)qn+1 > (1/2 − 1/496)Qm/(2n+1), whence
Qm < q(2n+1)(n+5.1) (and Qm < q(2n+1)(n+3.1) if q  4).
By [23], the nontrivial restricted FSp2n(F)-modules either have dimension bigger than
(2n + 1)(n + 5.1), or are one of the following modules: the natural modules N := F2n,
L(ω2) (the heart of
∧2
(N )), L(ω3) (the largest composition factor of
∧3
(N )) if n = 5,
and the spin module L(ωn) if n  7. Applying Lemma 4.2, we see that either V0 is re-
stricted and quasi-equivalent to one of the mentioned modules and Q0 is a power of q , or
V0 ⊗ F N ⊗N σ and Q0 = q1/2.
Notice that the case of the spin module cannot occur if n = 7. Indeed, assume the con-
trary. The bound on Qm implies that V = V0 = F128q . For g ∈ G \Z, by [13, Theorem 4.3]
we have α(g) 10 and so e(g) 115 by Lemma 3.2, unless g¯ is a transvection, for which
α(g) 15 and so e(g) 119. Proposition 3.8 now yields k(GV)/|V | < 0.27.
The case L = Ω2n+1(q) with n 4 and q odd is similar.
8.5.3. Assume L = PΩ2n(q) with n 5. Then α  2n by Theorem 3.1, D = 2n 10,
P  495, k(L)  116qn if q is odd and k(L)  35qn if q is even by Theorem 3.9, and
|Out(L)| = 2a  q if q is even, |Out(L)|  8a  4(q − 1) if q is odd. Hence (7) implies
Qm < q2n(n+8) (and Qm < q2n(n+7) if p > 2).
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2n(n+ 8), or are one of the following modules: the natural modulesN := F2n, L(ω2) (the
heart of
∧2
(N )), L(2ω1) (the heart of Sym2(N )), the half-spin modules L(ωn−1) and
L(ωn) if n 9, and L(ω3) if (n,p) = (5,2). Applying Lemma 4.2, we see that either V0
is restricted and quasi-equivalent to one of the mentioned modules and Q0 is a power of q ,
or V0 ⊗ F N ⊗N σ and Q0 is a power of q1/2.
Notice that the case of half-spin modules cannot occur if n  7. Indeed, assume the
contrary. The bound on Qm implies that q2n(n+8) > Qm  Q2n−1κ0 , whence κ  3 and
QQ0  q3. For any g = hz with z ∈ Z and h ∈ M , we have |[V,g]|Q2nκ0 by Corol-
lary 4.10. Now Proposition 3.8 implies
k(LV)
|V | 
|Z|
|V | +
1
P
+ k(L)
Q2nκ0
<
q3 − 1
q2n−1
+ 1
q2n−3
+ k(L)
q2nκ
.
It follows that k(GV)/|V | < 0.43 if (n, q) = (7,2) or if (n, q) = (7,2) but V > V0. If
(n, q) = (7,2) and V = V0 then G = L as the outer automorphism of M fuses the two
half-spin modules of M , whence k(GV)/|V | < 0.274.
8.6. Other classical groups. II: Small modules
Now we handle the small modules left out in Section 8.5 for classical groups of rank 7
and of type other than A. Observe that for all of these groups we have P > q2n−3; further-
more, k(L) < 116qn and |Out(L)| < 4q if q is odd, and k(L) < 35qn and |Out(L)| < q if
q is even.
8.6.1. Assume V0 is quasi-equivalent to N ⊗ N σ and Q0 is a power of q1/2. The
upper bound on Qm derived in Section 8.5 implies κ  2 and QQ0  q . Consider any
g ∈ L \ Z. Arguing as in Section 8.4.4, we see that |[V,g]| Qκ(6n−4)0 , except possibly
for  2 classes of transvections and  2 classes of pseudoreflections, for which we have
|[V,g]|Qκ(4n−2)0 . Hence Proposition 3.8 yields
k(LV)
|V | 
|Z|
|V | +
1
P
+ k(L)
Q
κ(6n−4)
0
+ q
Q
κ(4n−2)
0
<
q − 1
qn
2/2
+ 1
q2n−3
+ k(L)
q3n−2
+ 4
q2n−1
.
It follows that k(GV)/|V | < 0.08. (In fact one can show that k(GV)/|V | < 0.39 if L =
PSp2n(q) with n 4, PΩ2n+1(q) with n 3, and PΩ±2n(q) with n 5.)
8.6.2. Assume V0 is quasi-equivalent to the heart of W :=∧2(N ) or Sym2(N ); in
particular, Q0 is a power of q . The upper bound on Qm derived in Section 8.5 implies
κ  3 and Q  Q0  q3. Consider any g ∈ L \ Z. Arguing as in Section 8.4.5, we see
that |[V,g]|Qκ(4n−8), except possibly for  2 classes of transvections and  2 classes0
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Lemma 2.6 to get dim([V0, g]) dim([W,g])− 2.) Applying Proposition 3.8 we get
k(LV)
|V | 
|Z|
|V | +
1
P
+ k(L)
Q
κ(4n−8)
0
+ 4
Q
κ(2n−4)
0
<
q3 − 1
qn(n−1)/2−2
+ 1
q2n−3
+ k(L)
q4n−8
+ 4
q2n−4
.
It follows that k(GV)/|V | < 0.02. (In fact one can show that k(GV)/|V | < 0.25 if L ∈
{PSp2n(q),PΩ±2n(q)} and n 5, or PΩ2n+1(q) with n 3.)
Thus we have completed the proof of Theorem 1.5.
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